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SK A GROUP OF MIDDLE SCHOOL STUDENTS
what the average (mean) of 2, 8, 4, 6, 3,
and 7 is; they will probably give the an-
swer 5. Ask these same students what
the number 5 represents in relationship to the six
numbers given and the response usually heard is
an explanation of the algorithm, “Add them up and
divide by the number of them that you have.” The
response is no different if the problem is given in a
reallife context. For example, the foregoing six
numbers could represent the number of pencils
that six students have in their desks. In either situ-



ation, the almost universal response of students
when questioned about the meaning of 5 from the
“add and divide” algorithm demonstrates that stu-
dents have not gained a conceptual understanding
of this basic statistic. This same phenomenon ex-
ists throughout mathematics and is demonstrated
whenever students try to explain subtraction by de-
scribing the vertical algorithm or the Pythagorean
theorem by stating that ¢’ = @’ + b°. Through the
use of simple manipulative activities and graphing,
however, middle school students can be taught the
mean meaningfully.

Equal Distribution

THE MEAN CAN BE INTERPRETED IN TWO DIFFERENT
ways for a given set of data. The first interpreta-
tion relates the mean to an equal distribution of
data items, whereas the second interpretation re-
lates the mean to a balancing point of the data. Of
the two interpretations, the concept of equal distri-
bution is well known to both teachers and stu-
dents but is rarely connected to the mean. In the
context of the foregoing problem, the number 5
represents the equal distribution of the thirty pen-
cils among the six students. In other words, the
number 5 represents the number of pencils each
student would have if the pencils were distributed
equally to all six students. This sense of the mean
is easy for students to comprehend, since equal
distribution of candy, crayons, baseball cards, and
SO on, is a common occurrence in their lives.
Before teaching the add-and-divide algorithm to
students, their rich experiential understanding of
equal distribution should be maximized. As in the
pencil problem, students should be given thirty
pencils, or some other appropriate manipulative,
and asked to line them up on their desks in groups
corresponding to the number of pencils the six stu-
dents have in the problem (see fig. 1a). When they
have arranged them correctly, the students can
then move the pencils or markers from the larger
groups to the smaller groups until an equal distribu-
tion has been made (see fig. 1b). At this point, the
solution, 5, should be identified as the mean. Begin
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by first introducing problems in which the mean is
a natural number. Once students are comfortable
with the concept of equal distribution, introduce
problems in which the mean is #not a natural num-
ber. Consider the following:

Six children counted the number of chocolate bars that
they won at the school fair. They had won 2, 3, 2, 6, 3, and
5 bars, respectively. What is the mean (average) number
of chocolate bars that they won?

By using two linking cubes to represent each
chocolate bar, ask the students to solve for the
mean by creating an equal distribution of the ob-
jects (see fig. 2). The solution, 3 1/2 chocolate
bars per child, is easily found once the three re-
maining bars are broken in half and distributed
among the six children.

By exploring sample problems involving objects,
children gain experience in dividing the objects
into halves, thirds, fourths, and so on, which (1)
builds on their prior experiences to further their un-
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Fig. 1 Pencils distributed among students. The original
distribution of pencils is shown in (a), and an equal
distribution of pencils is shown in {b).
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derstanding of the mean and (2) reinforces their
use and understanding of fractions. It is important
also to include examples in which the mean is not a
natural number and the context of the problem con-
cerns objects that cannot physically be broken
apart. Consider the following problem:

Six children were asked how many brothers and sisters
they had, and the following data were collected from
the children: 2, 1, 0, 3, 6, 1. What is the mean (average)
number of brothers and sisters of these children?

When students attempt to solve this problem by
manipulating objects representing the thirteen sib-
lings to form an equal distribution, they are faced
with two dilemmas (see fig. 3): (1) how to divide
the extra sibling among the six students and (2)
how to interpret the solution of the problem, which
is two and one-sixth.

The students should be encouraged to discuss
the difference between those examples in which
the physical division of the objects is possible and
feasible and those in which it is not. This discussion
should also engage the students in attempting to in-
terpret how 2 1/6 is an appropriate description of
the mean number of siblings even though it is not
physically possible to achieve. Students should re-
alize that the mean is a measure or a number that
summarizes a set of data. Even in the pencil prob-
lem, wherein an equal distribution is possible, no
student actually has five pencils; unless they mutu-
ally agree to share their pencils, each of them will
not have the mean number of pencils.

Once the class demonstrates a general under-
standing of the equal-distribution sense of the
mean, whole-class data should be collected and the
mean found. At this point the need for the algo-
rithm will become apparent to the students as they
try to distribute equally large numbers of data
items or to work with data that involve large num-
bers. For example, students could be asked to find
the mean distance that the students live from
school or the mean height of all the students in the
class. If members of the class have not already
come up with the add-and-divide algorithm, it
should be introduced. The algorithm is faster and
more practical to use, and, more important, the
groundwork has been laid for the solution found by
employing the algorithm to have real meaning and
not just be a “number.”
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Fig. 2 Chocolate bars distributed among the children. The
original distribution of bars is shown in {a), whereas (b)
illustrates the equal distribution of the bars.
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Fig. 3 The dilemma of equally distributing the thirteenth sibling

The Balancing Point

THE SECOND INTERPRETATION OF THE MEAN, THAT OF
being the “balancing point” of a set of data, is not
well known and is rarely taught to students. Con-
sider the problem at the beginning of this article.
The data can be placed on a number line with “X”
representing each of the six numbers, as shown



1+2+3=6 1+2+3=6

Fig. 4 Number line showing 5 as the balancing point of the data
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Fig. 5 Number line showing that the sums of the differences
from the mean are additive inverses, or opposites

in figure 4. Knowing that the mean for these
data items is 5, the respective distances between
the other data items and 5 can be found and dis-
played below the number line as shown in figure
4, First take the data items less than 5 and find
their respective distances from 5. Find the sum of
these distances. Repeat this procedure for those
data items greater than 5. This equality in the sum
of the distances of the data items above and below
the mean leads to the interpretation of the mean
as the balancing point of the data. When students
understand this balancing-point interpretation of
the mean, they begin to understand how the
mean can be viewed as the “center” of the data.
The mean can next be discussed as being one of
the measures of central tendency that statisticians
use to describe sets of data along with the median
and the mode.

Having students construct number lines to illus-
trate the balancing-point interpretation of the mean

can also reinforce their understanding of positive
and negative numbers and additive inverses, or op-
posites. Figure 5 shows the data from the choco-
late-bar problem. Instead of calculating the respec-
tive distances of each data item from the mean,
students calculate the difference between the value
of each data item and that of the mean. In using the
formula D — M, where D represents the value of
each data item and M represents the value of the
mean, data items larger than the mean yield posi-
tive differences and those less than the mean yield
negative differences. The sum of the differences
below the mean is the additive inverse, or opposite,
of the sum of the differences above the mean. This
situation always holds true and reinforces the con-
cept of the mean as being a balancing point, or cen-
ter, of the data.

Teaching for understanding is difficult. In the in-
stance of the mean, in which a simple algorithm is
widely known, teachers frequently assume stu-
dents’ understanding of the mean in relation to a
data set when students demonstrate a mastery of
the algorithm. This article presents two conceptual
interpretations of the mean and simple manipula-
tive and graphing activities that can help students
form a deeper understanding of this important sta-
tistic. In a world that overwhelms us with quantita-
tive information, it is important that students be
taught the mean meaningfully.
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