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What Do Children
Understand about
Average?

he statistical idea we come across most fre-
quently is the idea of average. Children in fourth
grade and beyond fairly easily learn to apply the
algorithm for finding the mean, but what do they
understand about the mean as a statistical idea?

Many students do not have opportunities to learn
about various kinds of averages as statistical con-
cepts. They view an average as a number found by a
particular procedure rather than as a number that
represents and summarizes a set of data. Students
may learn to find a mode, median, or mean— which
technically are all averages even though average
often refers to the mean—but they do not necessarily
know how these statistics relate to the data being
represented.

nvegc\ e asa
Statistical Idea

To investigate students’ understanding of the idea of
average, we use what we call “construction” prob-
lems. Instead of asking students to find the average
for a given set of numbers, we give students an
average and ask them what could be the data set it
represents. This kind of problem is similar to situa-
tions we often encounter in life; we read about a
median or mean in the newspaper or come across itin
our work and need to interpret what might be repre-
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sented by that number. Statistically literate read-
ers can think about such a statement as “the me-
dian price of a house is $150 000" or “the average
family size is 3.2” in terms of what it tells or does
not tell them about the distribution of the data.

Most students are unable to imagine what kind
of data an average might represent. One student,
who had had plenty of experience calculating the
mean, said, “I know how to get an average, but I
don’t know how to get the numbers to go into an
average, from an average.”

Asking students to imagine what the data could
be for a given average yields interesting insights
into students’ thinking about the relationship be-
tween data and the average of the data. They do not
find it easy to use the memorized algorithm to
construct data. They have to think about how the
average represents the data. You might want to try
the following problem, one we gave to students,
before reading about how students solve it.

We took a survey of the prices of nine different
brands of potato chips. For the same-sized bag,
the typical or usual or average price for all
brands was $1.38. What could the prices of the
nine different brands be?

We use the language “typical or usual or aver-
age” to keep the conversation open to any ways
that students have to think about an average. When
they show us one way, we ask them for other ways
so that we geta view of the range of their thinking.
Since these problems are administered in an inter-
view, we are able to interact, ask questions, and
probe students’ thinking.

fiverage as mode

In interviews with fourth graders, many students
consistently associated the “typical or usual or
average” value with the mode. In construction
problems, they produced the data set by making all
or most of the values the same as the average
value. They might have made a few adjustments to
the data when pushed, but despite probing for
other approaches, these students stuck to a view of
the average as the most frequent piece of data. As
one fourth grader explained, “Okay, first, not all
chips are the same, as you told me, but the lowest
chips I ever saw was $1.30 myself, so since the
typical price is $1.38, I just put most of them at
$1.38, just to make it typical, and highered the
prices on a couple of them, just to make it
realistic.”

Rverage as median

Another group of students relied more on reason-
ableness in constructing the data from the average.
They drew on what was realistic in their own lives
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but were also concerned about mathematical rea-
sonableness. These students usually thought about
an average as being a middle value and constructed
their data sets so that high values were countered by
low values. They did not necessarily find a precise
middle but rather centered their average value
roughly in the middle of their data.

Some students used an even stronger understand-
ing of “middle.” These students often developed
perfectly symmetrical distributions around their
average value. For example, in the potato-chip
problem they would put one price at $1.38, then
one at $1.37 and one at $1.39, then one at $1.36 and
one at $1.40, then perhaps one at $1.30 and one at
$1.46, and so forth. If we moved one of the data
points on their distribution to a new value, they
could easily adjust their data set to keep the same
average. However, if we introduced a constraint
that did not allow them to make a perfectly sym-
metrical distribution, they were often stumped. When
we asked students to make prices for the potato-chip
problem without using the value $1.38, most said
that the task could not be done. Others made minor
adjustments to their symmetrical distribution, such
as changing the $1.38 to $1.37 and arguing that this
modification was the best they could do.

To help students learn more about averages, it
makes sense to build on their developing under-
standings. Students often invent the idea of looking
at the middle of the data as a way to compare data
sets. The median— the value of the middle piece of
data— connects clearly to these informal under-
standings and has increasingly become that statistic
of choice in many real data-analysis contexts be-
cause unusually high orlow values in the data donot
greatly affect it. Although developing an under-
standing of how the median represents the data is
not without complexity (see Russell and Corwin
{1989, 541), it is a good place for upper elementary

students to begin learning about averages.

When finding a median, we can actually point to
a value in the data set —the middle value or the
midpoint between the two middle values. Finding
the middle value is easy if all the data are arranged
in order. For example, to find the median of the
heights of the students in a classroom, the students
could line up in order of height. The height of the
middle person, or the midpoint between the heights
of the two middie people, is the median value. Half
of the data are below the median, and half of the data
are above it.

With experience, students can begin envisioning
the variety of data sets that might be represented
by a median value of, for example, 48 inches.
Figure 1 pictures three such data sets: (a) is fairly
symmetrical around 48 but has a small range; (b) is
also fairly symmetrical but has a big range; and (c)
is rather bimodal, with few data near the median
itself.

Average as a procedure
Fourth graders who tried to use the algorithm for the
mean to solve the potato-chip problem generally got
stuck and frustrated. One student divided $1.38 by
9, resulting in a price close to $0.15. We asked her
if pricing the bags at $0.15 would result in a typical
price of $1.38, and she responded, “Yeah, that’s
close enough.” Another student chose for her prices
pairs of numbers that totaled $2.38, such as $1.08
and $1.30. She thought that this method resulted in
an average of $1.38. Other students did other mean-
ingless calculations, such as choosing one price
then getting the next price by subtracting $0.38.
Through many interviews, we have found that
most students’ knowledge of the procedure for
finding a mean is not at all connected to understand-
ing what the mean represents. However, we have
also found that fourth through sixth graders are

Three data sets, each with a median of 48
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developing important understandings about the na-
ture of an average, including these:

A value in the middle of the data can represent a
set of data.

» The average is situated in the data in such a way
that values higher than the average are countered
by values lower than the average.

+ An average for a given set of data furnishes a
reasonable sense of the values of the data.

« The shape of the data represented by an average
should reasonably refiect what we know about
the context from which these values are derived,
for example, heights or family size.

Learning about the
Mcan

Students need many experiences with data sets and
the median before they can understand how the
mean represents the data. Unlike the median, the
mean is a mathematical abstraction. We can “see”
where the median falls among the data. The mean
has no such clear identity within the data them-
selves; its value may not appear in the data set at all.
The average family size may be a number such as
3.6, anumber that is not the size of any family. The
mean is amathematical construction that represents
certain relationships in the data~—a kind of abstrac-
tion that may be new to many upper elementary
school students.

Over the years mathematics educators have tried
to develop models that support students as they
build an understanding of the mean. Early in our
work with sixth graders, we assumed that students
would most effectively learn this relationship by
having an opportunity to transform a set of data into
“fair shares.” If each person has a certain number of
pets, the way to find the average is to pool the pets
then distribute them equally among the children
who pooled their pets. This model reflects exactly
what happens when the averaging algorithm is
used: the data are pooled then divided evenly, as if
each piece of data had the same value. That value is
the mean.

We discovered that although this model is effec-
tive in teaching children about division, it simply
does not help them think about the statistical rela-
tionship between the data and the mean. The prob-
lem with this model is that in the act of redistributing
quantities so that each data point has the same value,
the relationship between the actual data and the
mean is completely obscured.

For example, consider a problem in which eight
children checked the following numbers of books
out of the library: 5,4, 3,2, 1, 4, 5, and 2. What is
the mean number of books checked out by each
child? In the fair-shares model all the books are put

together then the twenty-four books are redistrib-
uted into eight groups (or divide by 8) so that three
books are in each group. We then have an image of
eight children with three books each. The mean is 3.
But what is the relationship of this “3” to the original
set of data? In the course of redistributing the data,
we have lost the original set of data. It is no wonder,
then, that children cannot see the relationship be-
tween data and mean using this model. They do not
have the opportunity to see them together! Once the
total is calculated, the individual data are lost. This
scenario is not what happens in real life, where
averaging rarely involves making fair shares. Inlife,
and in real statistical situations, the data still exist in
their original form. We found that learning the fair-
shares model to find the mean did not result in better
understanding of the relationship between mean and
data. Students were still unable to solve construction
problems, such as the potato-chip problem described
in the foregoing, in which their job was to create a
data distribution with a particular mean value.

Another model emphasizes the mean as the value
about which all the data “balance.” Rather than have
the same number of data points on either side, as
with the median, we want the sums of the differ-
ences from the mean on either side to be equal.
Table 1 shows two distributions for which the
mean value is $1.38. In both distributions, the sum
of the differences from the mean is 0. In our re-
search, very few students— and none younger than
sixth grade—were developing notions about the
mean as a point of balance.

Two distributions for which the
mean value is $1.38

Case 1 Case 2
Price Price—$1.38 Price Price—$1.38
$1.40 +0.02 $1.50 +0.12
$1.39 +0.01 $1.49 +0.11
$1.38 0.00 $1.39 +0.01
$1.37 -0.01 $1.34 -0.04
$1.36 -0.02 $1.18 -0.20

Balance models are not new (Pollatsek, Lima,
and Well 1981) but can be problematic because they
depend on an understanding of the relationship
between weight and distance on a balance beam.
Using one poorly understood set of ideas—the
physical relationship of weight and distance—may
not help students understand another set of difficult
ideas— the numerical relationship between the mean
and the data.

The unpacking model
In our work with sixth graders, we use a new model

TEACHING CHILDREN MATHEMATICS



