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Using Videotapes to Study the Construction of
Mathematical Knowledge by Individual Children

Working in Groups

Robert B. Davis,!'? Carolyn A. Maher,! and Amy M. Martino!

Videotaping small groups of students in a regular classroom environment makes it possible
to study individual student cognitive growth in a social setting. The present report deals
with student development of some new mathematical ideas over an extended period of

time.

KEY WORDS: Mathematics: representation: videotape; elementary.

INTRODUCTION

Videotape may do for mathematics education
what the microscope did for biology—it may allow
us to see many things that would otherwise remain
invisible. By recording (on videotape) the mathe-
matical work of students, following these same stu-
dents for several years, and analyzing these tapes
carefully, it is possible to observe the development
of mathematical ideas over time.®> When—as in the
present report—this recording is done in a regular
classroom setting, one is able to study individual stu-
dent cognitive growth in a social setting, and thus
gain insight into how social processes influence per-
sonal cognitive development.

In the case reported here, a combinatorics task
was presented to some second graders. This same
task was presented to them again five months later,

1Rulgers University, New Brunswick, New Jersey.

2Correspondence should be directed to Robert B. Davis, Center
for Mathematics, Science and Computer Education, Rutgers
University, 192 College Avenue, New Brunswick, New Jersey
08903.

*The videotaping and analysis reported here is part of a six-year
study of eight children, which is now in its fourth year. The
teachers of these children are participants in a long-term teacher
development project (Maher et al., 1991). The children attend
a K-8 elementary school that serves a working-class neighbor-
hood.
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when they were third graders. We give some data
on their behavior in each case and relate their per-
formance to what is known about instruction that
took place in the classroom.

The Students

We report on six children, three girls (Dana,
Jaime, and Stephanie) and three boys (Brian, Jeff,
and Michael). In both second and third grades,
mathematics instruction made use of small groups
and was based on an expectation of considerable
student initiative in devising ways to solve mathe-
matical problems. In the second grade, the students
worked in triads; at one table, Dana (D), Stephanie
(S), and Michael (M) worked together (we call this
group I); at another table, Brian (B) and Jeff (J)
worked with Jaime (Ja) (group II). In the third
grade, the children worked in pairs. What we will
call group III consisted of Dana and Stephanie;
group IV, of Jaime and Michael; and group V con-
sisted of Jeffrey and Brian.

The Mathematical Task
The task given to the children was a word prob-

lem, for which they were not told in advance any
method for solution. The problem went as follows:

1US9-0145/9200600-0177306.50/0 © 1992 Plenum Publishing Corporation
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Stephen has a white shirt, a blue shirt, and a yellow
shirt. He has a pair of blue jeans and a pair of white
jeans. How many different outfits can he make?

Data Collection

This word problem was given to the entire
class, which was organized to encourage individuals
and groups to work at their own pace and without
teacher intervention. Following the group working
sessions, the children were asked to share their
group ideas with the entire class. After the sharing
session, children were individually interviewed about
the problem task. Data for this study came from
children’s written work and analyses of videotape
transcripts from the following three sources: (1)
classroom videotaping of the two triad groups (for
grade two) and the three pair groups (for grade
three); (2) classroom videotaping of each group
sharing their solution strategy with the rest of the
class; and (3) videotaping of interviews with the in-
dividual children following each class session.

THEORETICAL BASIS FOR THIS STUDY

Every study must begin with some theoretical
framework, whether explicit or implicit, whether de-
liberate or unexamined. The conceptual basis for
this study is that thinking about a mathematical situ-
ation involves cycling through a series of steps
(Davis, 1984). First, it involves building a repre-
sentation of the input data. From this data repre-
sentation, memory searches are carried out to
construct a representation of relevant knowledge
that can be used in solving or trying to solve the
problem.

A mapping between the data representation
and the knowledge representation is constructed,
checked out, and if judged to be satisfactory, is used
to solve the problem. Moving from a data repre-
sentation to a knowledge representation that might
be useful in solving the problem may not be auto-
matic. As the learner attempts to map the data and
knowledge representations, checks are made along
the way and other knowledge may be entered. In
the process, some representations are rejected
and/or modified. The learner cycles through this en-
tire sequence, or parts of it, many times before con-
structing a “final” method of dealing with the
problem. When the constructions appear satisfac-
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tory, other techniques associated with the knowledge
representation may be applied to carry out the so-
lution to the problem. Examples illustrating how the
data representation of the problem statement are
gradually constructed by individual students are
given in Davis and Maher (1990).

What will emerge as of special interest in the
present study are the relatively “primitive” founda-
tion blocks from which these representations can be
constructed. The process of building up repre-
sentations from cognitive building blocks is referred
to as “assembly” (Davis, 1984). In general, it is ar-
gued that effective building blocks are, at the begin-
ning, the result of experience, although this is not
always “concrete” experience (but it very often is).
Of course, as the use of these blocks develops in
more abstract or more generalized situations, more
“abstract” building blocks come to be synthesized,
first in a metaphoric way, and later in the form of
truly abstract characterizations.

One can illustrate this development by consid-
ering the case of the concept of “function.” In its
earliest versions, the idea of “function” is merely a
matter of being able to give certain answers and rec-
ognizing that these answers are dependent upon
something else (as one might be able to give the
price for a purchase of pencils, at ten cents apiece,
if one knew how many pencils are to be bought). In
the course of this work, one begins to use—perhaps
even to invent!—some method for writing what
mathematicians call variables. With more experience,
one comes to recognize some of the essential fea-
tures of tables, graphs, formulas, etc., as repre-
sentations of functions, and one begins to see what
all of these separate instances have in common.
“Functions” come to be things that one can deal
with, and one learns more and more ways of dealing
with them. At some later stage, one can reformulate
this into something akin to the abstract definition in
terms of a set of ordered pairs (and so on).

As this development progresses—and usually
before one gets to the “ordered pairs” abstract defi-
nition—one is likely to draw on a metaphoric use
of earlier concrete experience, perhaps thinking in
terms of mappings or even in terms of pieces of yarn
extending from each possible “input” to the corre-
sponding “output.” Of course, even the words “in-
put” and “output” themselves represent this use of
metaphor, in terms of “putting something in” and
“getting something out’—remnants of earlier con-
crete experience with some kind of gadget or appa-
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ratus or arrangement, perhaps like a machine where
you toss oranges into a hopper and get orange juice
out of a spigot.

Seymour Papert (1980) refers to this process
of building abstract ideas on a metaphoric use of
previous (possibly concrete) experience when he de-
scribes how important for later learning was his early
opportunity to play with gears and to observe the
way that turning one gear would result in the turning
of another, perhaps faster, perhaps more slowly, per-
haps in the opposite direction: “I became adept at
turning wheels in my head and at making chains of
cause and effect . ... I believe that working with
differentials did more for my mathematical develop-
ment than anything I was taught in elementary
school. Gears, serving as models, carried many oth-
erwise abstract ideas into my head.” (Papert, 1980,
p- vi). We would phrase this differently: Gears, serv-
ing as cognitive building blocks, made it possible for
Seymour Papert to build mental representations for
other ideas that might seem unrelated—and unre-
latable—to gears, ideas such as cause and effect, ra-
tio, and so on. This pattern of building upon earlier
experience is of particular significance in the present
study, because we shall see some children building
upon previous experience—using previous experi-
ence as assimilation paradigms or “internal meta-
phors™—in situations where most adults expect the
children to operate on a far more abstract level.
Metaphoric thinking and true abstraction are two
very different ways of dealing with mathematics, as
a growing collection of instances is making clear. It
is important for teachers to be familiar with both
types of thinking and to see how one type builds on
the other.

GRADE TWO: THE SHIRTS AND PANTS
ACTIVITY

The activity in grade two will be reported sepa-
rately for the two groups of children: Group I con-
sisting of Dana (D), Stephanie (S), and Michael (M)
and group II consisting of Jaime (Ja), Jeff (J), and
Brian (B). It is important to notice that, although
the children did work in groups, their individual
ways of representing the problem, and the methods
for solution which they invented, were their own,
and usually different from those of others in the
group. They listened to one another—a little. They
argued with one another, but did not usually con-
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cede acceptance of another student’s point of view.
They looked at one another’s work, but might—or
might not—be influenced by it. These students, it
would have to be said, “think for themselves.” Per-
haps this should not surprise us; after all, what other
form of actual thinking is there?

Group I—Dana, Stephanie, and Michael (May
30, 1990)

These children began by focusing on informa-
tion that dealt with type of clothing and color to
build up a representation of the problem situation.

D: ’m just gonna draw a shirt . . . that’s all we
have to do. . .and then put like. [Dana
drew three shirts.]

S: I'm gonna make a shirt. . .and put white

- .wait . .. W for white. [She drew a
shirt and placed the letter W inside the
outline of the shirt.]

M: Yeah, white shirt, white pants. [He drew a
white shirt and white pants.)

They further refined their ideas by considering
information about the number of items of clothing,
drawing a picture that represented the data.

S: Ok, blue and then a yellow shirt. [Stepha-
nie drew blue and yellow shirts.] He has a
pair of blue jeans and a pair of white jeans.
[She drew two pairs of jeans.] How many
different outfits can he make? Well. . .
[Dana looked at Stephanie’s paper and
drew blue and white jeans.]

M: He can make only two outfits.

The students decide that differences in the
kinds of outfits are relevant. Michael’s suggestion
that there are two possible outfits stimulates Stepha-
nie’s curiosity. She cycles back and rereads the prob-
lem checking that the input data representation is
consistent with her knowledge representation.

S: Well, no [read] how many different outfits
.. . he can make a lot of different outfits.
Look, he can make white and white . . .

D: He can make all three of these shirts with
that outfit. [Dana pointed to her three
shirts.]

From this language we might infer that Dana
has the key idea for exhausting all possible combi-
nations, but one should not be too quick to reach

e e aa
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this conclusion. We cannot say, this early in our ob-
servations, whether Dana is building on her actual
experience with “combinations of clothing items”
being used to create “different outfits” or whether
she is using a more abstract notion of what consti-
tutes an “outfit.” Figures la, 1b, and 1c show the
final written work of Dana (Fig. 1a), Stephanie (Fig.
1b), and Michael (Fig. 1c). Notice that Stephanie
uses her diagram to develop a coding strategy to
form her combinations:

S: I'm gonna make a shirt [Stephanie began
to draw a shirt.} and put white . . . wait . . .
W for white. [She then labeled the shirt by
writing W inside its traced outline.]

! EE/

Fig. 1b. Stephanie’s second grade solution.
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Fig. Ic. Michael’s second grade solution.

Stephanie then illustrated each distinct outfit
with a pair of letters, the first for the shirt and the
second for the jeans. She recorded each outfit and
kept track of them by numbering each combination.
As she was recording the first outfit, she turned to
Dana and Michael and said:

S: You can make it different ways too. You
can make white and white, that’s one . . .
W and W. [She drew a 1 and W over W,
meanwhile Michael looked over at Dana’s
work.]

M: That’s what I'm doing. [He erases a piece
of his white pants.]

S: Two could be blue...blue jeans and a white
shirt . . . blue, W. [She drew a 2 and B over
W.]

D: Yeah, well just put white with blue [Dana
drew 5 connecting lines between the rows
of shirts and pants.]

Dana found a notation that enabled her to
make use of her original idea and spontaneously
drew lines that connected each of her white and blue
shirts to each of her blue and white jeans and her
yellow shirt to her blue jeans. She concluded, as in-
dicated in Fig. la, that there were a total of five
different outfits. Stephanie continued to list pairs of
letters for her outfits and concluded, also, that there
were a total of five combinations.
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S: Ssshhh. . . Ok, yellow shirt. . . number
three can be a yellow shirt. [She drew 3 and
Y over W ]

D: It can'’t. . . yellow can’t g0 with the white.

Now, suddenly, we get a revelation! Dana is 1ot
thinking in terms of some abstract notion of what con-
stitutes a “combination” or an “outfit” ! She is building
on her actual past concrete experience with selecting
clothing items that can “go together” in a harmonious
way. (After all, when we say “I love your outfit,” we
are talking about the way things fit together, and not
merely upon the fact that they are present.)

We get further data from Dana’s drawing (Fig.
la), which indicates that she didn’t draw a line be-
tween the yellow shirt and white. jeans. For Dana,
an outfit is the kind of combination of clothing items
that her experience has taught her to consider ap-
propriate. She appears to ignore Stephanie’s remark
that the outfit doesn’t have to match. Dana has not
moved to the stage of thinking about abstract outfits
which are to include every possible combination of
one shirt with one pair of jeans, however unsightly
the result.

During this time, Michael worked quietly
alone, occasionally stopping to listen to his class-
mates, or to talk about his recording of white shirt
with white pants and blue shirt with blue pants.

S: No ...how many outfits can it make . . .2

M: I'm doing white shirt and white pants, blue
pants, blue shirt.

S: It doesn’t matter if it doesn’t match as long
as it can make outfits. It doesn’t have to
go with each other, Dana!

The videotape shows Dana tapping with her
pencil and counting her five connecting lines.

D: Four outfits it can be . . . .
S: It can be more if you put them mixed up.
Just watch. I'm on my third one right here
. . number four. It could be a blue shirt
and a blue pants. [She drew 4 and B over
B.] Number five can be . . . a white shirt . . .
[She drew 5 and W ]. . . Wait. . . [She
erased the W.] OK. . .a blue shirt. . .
Wait! . . . Did [ do blue and white? {Dana
looked over Stephanie’s shoulder and Mi-
chael drew a blue shirt.]

Note that we are able to observe some of
Stephanie’s self-monitoring or “control” planning, as
she checks over whether she “[did] blue and white.”
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Dana chose not to revise her picture to include
the yellow shirt and white jean combination, even
after Stephanie commented on the irrelevance of
taste. In choosing not to follow Stephanie, Dana is
exhibiting typical behavior for these students: They
may listen to others, but they are not quick to
change their minds. (Of course, if one construes out-
fit in the terms of everyday experience, as Dana was
doing, then taste never is irrelevant.)

Nor had Stephanie herself found all possible
combinations, despite the fact that she intended to
do so. Her diagram did not include one combination,
the white shirt and blue pants outfit. Notice in Fig.
Ib that Stephanie’s fifth entry shows a letter W be-
tween the letters Y and B as she recorded the yellow
shirt and blue pants outfit. Observation of the vide-
otape episode indicated that Stephanie first wrote the
W, erased it, and then wrote a Y over the B. Dana
then recorded Stephanie’s solution on her paper be-
neath her line diagram. At this time, Michael con-
tinued to draw without speaking. Continuing:

D. What's two? [Dana was inquiring about
Stephanie’s second combination in an at-
tempt to compare resuits.]

S: {Stephanie was not acknowledging Dana’s
request, and continued with her fifth com-
bination.] It can be a yellow. . .

D: What’s two? [She looked over Stephanie’s
shoulder and began to record her coded
combinations. Michael looked up and con-
tinued to draw.].

Recall that early in the problem session, Mi-
chael reported that he had found two outfits, white
shirt with white pants and blue shirt with blue pants.
Stephanie tried to convince him that there were
more combinations. However, Michael was engaged
with drawing his own picture (Fig. 1c), and although
he seemed to be aware of Stephanie’s coding strat-
egy, he appeared to reject it. Now we see Michael
acknowledge Stephanie’s strategy, but decide to re-
Ject it:

S: Two is blue shirt and white pants. . .a
blue shirt and yel. . .wait. . .a yellow
shirt. . . did I do yellow and white? A yel-
low shirt and blue pants. [Stephanie drew

Y over B.]
D: A yellow shirt and blue pants.
M: I don’t want to do it that way. . .I want

to do it this way. [He referred to his own
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picture, and explicitly rejected Stephanie’s
system of coding.]

: Well, do it the way you want.
Do you know what? There’s five combina-
tions. . . there’s only five combinations.
"Cause look you can do a white shirt with
white pants. . . .

L o

Unsurprisingly, Michael’s final solution does
not resemble Stephanie’s. In fact, what is particu-
larly interesting about this classroom episode is that
each child produced an independent solution, and
each seemed to be satisfied with his or her own so-
lution. Michael’s solution is also idiosyncratic in a
second way: He has shown three colors of jeans, in-
stead of the two that the problem statement speci-
fied. This is a familiar kind of error; we conjecture
that a partial representation—in this case, for the
three colors of shirts—is inadvertently used in places
where it should not have been (in this case, by ap-
plying it also to the jeans).

Group II—Jaime, Jeffrey, and Brian (May 30,
1990)

These children began by immediately deciding
that they could make two outfits out of the five
pieces of clothing.

J: Two ‘cause he has a white shirt and a blue
shirt and a yellow shirt and a blue jeans
and a pair of white jeans. There’s jeans and
a shirt and jeans and a shirt.

Ja: Two.

Brian expressed concern about the shirts and
pants matching.

B: A white shirt and a white pair of pants
match, and a blue shirt and a blue pair of
jeans match.

So! Brian, too, is building “metaphorically”
upon actual previous experience. For Brian, as ear-
lier for Dana, outfits need to match in order to be
considered. This is what outfits are in the real world.
One might have expected that the children would
deal immediately with the abstract idea of “any com-
bination of a shirt with a pair of jeans.” But if one
is aware of the importance of premathematical ideas
one is not surprised to find that an outfit is what
the child’s experience has established it to be—it
must match!
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Jaime, too, is building upon the real world idea
of an outfit:

Ja: Yeah, blue and yellow . . . blue and white,
white and yellow go. . . white goes with
everything!

Hence, she opened up the possibility of other
combinations to which Brian agrees.

B: [To Jeff] Yeah, white goes with everything.

Although the question of what constitutes an
outfit may not be settled—the children do not all
agree—group II now begins to consider the critical
question of how to be sure that you are finding every
combination—however inclusive you wish to be:

Ja: Oh, I know how we can do it. [She was try-
ing to find a systematic way of organizing
the work.] White shirt with a blue pants. . .

Jaime (Fig. 2b) began to write, and Jeff and
Brian stopped to observe what she was doing. Jef-
frey (Fig. 2a), then counted the combinations as
Jaime listed them verbally.

J: One. ..
Ja: Then a blue shirt with white pants. . .

To form the second outfit, Jaime reversed the
two colors.

J: Two. . .that’s two. . .
Ja: White shirt with white pants . . .
J: Three. ..

Jaime’s strategy of reversing the pattern began
to get into trouble when she reached the white and
white combination and she could no longer switch
top and bottom colors; a worse problem was coming
next:

Ja: Yellow with the blue . . .
J: Four. ..
Ja: Blue with the yellow . . .

When Jaime noticed there were no yellow
pants, she terminated her reversal pattern. Nonethe-
less the children continue their search:

J: Five, six, seven! Seven different pairs! First
there’s white and blue that’s one.
B: How we gonna write this down?

Here we see explicit discussion of the question
of inventing an appropriate written representation; -
of course, the matter of inventing notations has been
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-an important part of this entire episode. Charac-
teristically, each child has invented his own notation,
with a modest amount of borrowing ideas from the
others.

Notice that the children deal simultaneously
with many different matters. This is an almost uni-
versal property of classroom discussions of this type.
One consequence is that the children’s remarks
jump from one aspect of the problem to another,
then frequently jump back to an earlier matter. In-
deed, at this point Brian returns the discussion to
the question of whether an outfit has to match. This
time, though, Jaime and Jeffrey try to convince
Brian that the outfits need not match:

B: A yellow shirt doesn’t match.
Ja: Even though it’s weird .

B: Yellow white . . . yellow blue

J: You have to make it every single . . . any-
thing . . . any combination . . . you have to
make all the different combinations with

everything.

So we see that Jeffrey is using the abstract idea
of every possible combination, whereas Brian still
wants the real-world meaning of outfit. Jaime seems
to be somewhere in the middle—“even though it’s
weird,” surely a real-world criterion still being em-
ployed.

Communication and Sharing

Almost immediately after this discussion, Brian
and Jaime are observed watching and listening to
the conversation of the Stephanie, Dana, and Mi-
chael group. Jaime and then Brian respond.

Ja: They drew it! [She looked at Dana, Mike,
and Stephanie.]

Jaime remarked that the other group drew a
diagram.

B: They say five combinations!

The children continued to work on their solu-
tion:

J: White shirts and white pants. . .

Ja: No, I have a white shirt match a white pair
of pants, a blue shirt match a blue pair of
pants, a yellow shirt match a white pair of
pants. . ..
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J: White pants and white, yellow pants and a
[unclear] shirt.

Jaime then turned to Stephanie’s group and
said:

Ja: You still have to write about it!

Stephanie responded with the following inter-
pretation of their task:

S: You don’t always have to write about it . . .
you can write a picture or a graph.

As the children continued to list their combi-
nations, Jaime and Brian appeared to lose interest
in recording all possibilities. An examination of the
written work of each child (see Figs. 2a, 2b, and 2c)
suggests no evident pattern for generating the com-
binations, although earlier Jaime had referred to an
“opposites” pattern in her discussion with Brian and
Jeff. Their strategy appeared to be one of writing
whatever came into your head, which in some cases
resulted in repeated outfits and the absence of
checking for all possibilities. At this point in the ex-
ploration, Jeffrey decided to share his combinations
with Jaime and Brian.

J. 1,2,3,4,5,6.1 got 6. [ got white and white,
blue and blue, yellow and blue, white and
yellow, yellow and blue, and white and

blue.
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Fig. 2a. Jeffrey’s second grade solution.
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Fig. 2c. Brian's second grade solution.

Notice that Jeff's six outfits were not all dif-
ferent; the yellow shirt and blue pants combination
(Fig. 2a) was repeated. Although Jeff read his solu-
tion aloud, he nonetheless failed to detect the repe-
tition of the “yellow and blue” combination.

Ja: I did half of yours already. | put a white
shirt matches a white pair of pants, a blue
shirt matches a blue pair of pants, a yellow
shirt matches a white pair of pants, a yellow
shirt matches a blue pair of pants. . .

As Jaime (Fig. 2b) read her solution aloud, we
observed that she, like Jeffrey, made use of the dou-
bles pattern of blue and blue and white and white.
However, she proceeded systematically to match the
vellow shirt with all possible pairs of pants. At this
point, the instructor (I) approached the children.

J: How ’bout white and blue?

Ja: A white shirt matches a white pair of pants.
[ How many did you get?

Ja: 1 got five!

B: I got six.
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. Ok, you gotta find them all.
Ja: I give up. [She did not write any more com-
binations.]

Jeffrey showed persistence in completing his
list with the replication of the yellow shirt and blue
pants combination. His seventh combination was the
white shirt and blue pants. Jeffrey’s two partners
tired of the listing process, and waited for him to
complete the list. Brian expressed his loss of interest
with this process:

B: Let’s write, I don’t want to write no more
so the answer’s seven.

Effect of Sharing and Communicating within a
Small Group

The most evident aspect of the influence of
one child’s work on another child is that this influ-
ence—at least on the surface—is surprisingly small.
Michael looks at Stephanie’s work and says: “I don’t
want to do it that way.” Figure 2b displays the writ-
ten work of Jaime, who, like Brian, found five com-
binations and wrote “I don’t want to write no more
so 7 is the answer.” Note that seven was the answer
of another child, so Jaime is in effect saying “OK,
have it your own way; 1 don’t really care.” This is
not agreement, and certainly not an intent to change
her own thinking. It is withdrawing from the contest,
renouncing the goal of thinking about the matter
and trying hard to understand it. Perhaps Jaime,
having found five combinations, became uncomfort-
able when Jeff indicated that there were seven. Jeff’s
strategy of reversing the order in which pants and
shirts appear in his phrases may also have disarmed
Jaime and discouraged her from pursuing her own
strategy. Another possibility is that having found five
combinations, Jaime had an understanding of how
to obtain ail combinations and simply ceased to re-
cord, letting Jeffrey finish the problem.

Whole-Class Sharing of Solutions in Grade Two

Following small group work (from which the
preceding transcripts were taken), usual class proce-
dure called for a total class meeting for students to
share their solutions. Here, too, individualism pre-
vailed. No singular strategy was adopted for use by
the children and no agreement evolved as to the cor-
rect number of outfits. Some of the answers re-
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ported by different groups were three, five, six, and
seven outfits. Generally, the children were pleased
to share their representation of the problem solution
and talk about how it was derived. Although numer-
ous paths of solution were shared, the apparent re-
sult was that no one solution was widely accepted
by the students, nor any one “correct” answer.?

GRADE THREE

The next oppeortunity to return to this same
problem came five months later, in October, when
the children were in grade three. Because both
teachers were involved in the study, we know that
there had been no class consideration of the prob-
lem in the interim.® This is of great importance, be-
cause one matter this study sought to explore was
what happens to ideas in a child’s head in the ab-
sence of explicit instruction.

Notice what has happened. The children have
been given something to think about—first of all, of
course, there is the problem itself. Second, there is
the influence of the ideas of all of the other children.
Even though most of the suggestions from others
seemed to be rejected at the moment (“I don’t want
to do it that way!”), the suggestions themselves may
have lingered in the mind, and over the ensuing
months they may have taken a firmer shape. If we
return to this identical problem now, five months
later, will the students show evidence of having
somehow incorporated any other children’s ideas
into their own thinking?

The grade three activity will be reported for
the two pairs of students: group III consisting of
Dana (D) and Stephanie (S) and group IV consist-
ing of Jaime (Ja) and Michael (M).

Group III—Dana and Stephanie (October 11,
1990)

The following dialogue showed Dana and
Stephanie beginning to build a representation for

*The lack of closure in reaching a single agreed-upon solution
was, in a sense, deliberate. In our classroom work in schools we
often find that students may not be ready to agree on a solution
to a particular problem task. Rather than reach closure at the
time and push for (or even present) a solution, our usual choice
is to revisit the same problem at a later time.

*Nor had any related material been discussed.
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the input data. Dana read the problem aloud.
Stephanie responded by suggesting that they draw a
picture.

D: Stephen has a pair of blue jeans and a pair
of white jeans. How many different outfits
can he make?

S: We. . . why don’t we draw a picture?

As Dana and Stephanie drew their pictures
(Figs. 3a and 3b), we saw them focusing on the
pieces of data that dealt with numbers of shirts and
pants and their colors. In so doing, they searched
for a way to map their knowledge representation to
the data representation of the problem:

D: OK. . .He had a white shirt. [The girls
drew pictures of shirts.]

S: So, I'll make a white shirt. [Notice that
Stephanie was checking her representation
as she drew her picture to match the prob-

lem data.]

D: A blue shirt. ..

S: I think I'll have to use the big marker for
this one . . . you know, color it in blue.
[Stephanie made explicit reference to shad-
ing the shirt blue to match the problem
data.]

D: And a yellow shirt. [The girls drew another
shirt.]

At this point, Stephanie (Fig. 3b) suggested
that the data be coded by assigning the first letter
of the color rather coloring the piece of clothing.
Notice that she did not write what she said.

S: Why don’t we just draw a Y,aBanda Y
[sic] instead of coloring it in?

D: That’s what I'm doing.

S: W, B, Y. [Stephanie placed a letter in each
diagram of the shirt to represent its color.]
OK, he has. ..

D: A blue.

Fig. 3u. Dana’s third grade solution.
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Fig. 3b. Stephanie’s third grade solution.

Stephanie reread the problem as she worked
to build a representation 6f the problem.

S: Let me read this. . . . He has blue jeans
and a pair of white jeans. OK. . .So let’s
make blue, blue, blue . . . [She was consid-
ering all possible outfits she could make
with the blue jeans.]

Dana (Fig. 3a) monitored Stephanie’s work,
and completed the construction.

D: And a pair of white jeans.

Stephanie indicated that she had begun to con-
struct a representation of the relevant knowledge
and proceeded to attack the problem.

S: All right. Let’s find out how many different
outfits you can make. Well, you can make
white and white so that would be one. I'm
just going to draw a line . . . . [Stephanie
rather than Dana was the person to initiate
the connecting line strategy and drew a line
from each shirt to the blue pair of jeans
then from each shirt to the white jeans.]

Later, Dana and Stephanie were asked by the
instructor why they used connecting lines. Stephanie
replied:

S: So we could make sure that we were . . .
so that we didn’t do that again [She re-
ferred to repeating a combination.} and say
that was 7, 8, 9, 10 [She referred, again, to
repeated combinations.] we drew lines. . .
so then we could count our lines and say,
“Oh, we can’t do that again!” or so we
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could know if we already matched that . . .
so we don’t go. . .“Oh, OK, that’s two
[She drew the lines with her finger on the
desk top to indicate the two combinations
with the white shirt.], that’s 4 [She indi-
cated two combinations with the blue
shirt.]...and we’d get more than we were
supposed to.

Stephanie, in her justification of the use of the
line strategy, indicated a shift from working with the
representation of the problem data to working in-
stead with a representation of the process by which
she solved the problem. Her reflection on that proc-
ess'showed a development to another level of aware-
ness, a shift to a meta level. Whereas at first her
pictures represented direct translations of problem
data (pictures and colors of shirts and pants), she
now invented notation to monitor her own behavior.
Notice that her diagram indicated a number label
attached to her connecting lines which enabled her
to keep track of each combination (Fig. 3b). In this
session, neither girl used a coded listing strategy;
they simply drew the three shirts and two pairs of
pants, connected shirts to pants with lines, and
counted their lines. Stephanie explained her prefer-
ence for the use of lines because they indicated the
number of combinations.

We would argue that the meta-concerns that
the videotape records are not psychologically differ-
ent from the direct attempts to draw shirts and pants
and to deal with the original problem. The same
processes of trying to identify, clarify, and analyze
the problem are still in play—it is just that the prob-
lem.itself has changed. At first, the problem was the
one posed by the teacher, about making up outfits
of shirts and jeans. Later on new problems have
come to occupy the children’s attention: how to or-
ganize their own work, how to know that they have
not omitted any combinations, nor counted the same
outfit more than once. The specific tasks are differ-
ent, but the processes of dealing with them are ba-
sically the same.

Group IV—Jaime and Michael (October 11, 1990)

Figures 4a and 4b show the methods of solu-
tion used by third-graders Jaime (Fig. 4a), who had
previously worked with Jeffrey and Brian, and Mi-
chael (Fig. 4b), who previously worked with Dana
and Stephanie. The videotape indicated that Jaime
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Fig. 4a. Jaime’s third grade solution.
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Fig. 4b. Michael’s third grade solution.

and Michael worked individually, once again ap-
pearing not to listen to each other, each pursuing
their own solution. Recall that in second grade: (1)
Jaime had recorded her outfits as descriptive
phrases, and lost interest after recording five com-
binations; and (2) Jaime had verbally noted Stepha-
nie’s method of drawing a picture to solve this
problem.

Now, in grade three, the performances of the
children are different. Each child seems indeed to
have learned from the others (even though at the
time they had seemed not to). Now Jaime draws a
diagram (Fig. 4a) that represents each outfit with a
two-letter code for color, she shows six shirts and
six pants and draws a line to define each outfit as
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separate from the others. She uses a pattern to gen-
erate her diagram which matches each color shirt to
both colors of pants before moving on to the next
color shirt.

In grade two, Michael’s written solution (Fig.
lc) displayed a diagram with three shirts (B,W,Y) -
and three pants (B,W,Y), with no connecting lines
and no numerical answer. In grade three, Michael
(Fig. 4b) employs a modified version of the connect-
ing line strategy originally introduced by Dana in
grade two (Fig. la), and applies it directly to the
words in the stated problem. He does this by tracing
his finger along the words in the problem to obtain
his combinations. However, he records his answers
with one-letter color codes, much like those used by
Stephanie (Fig. 1b) in grade two. Although it was
not obvious that Michael was attending to the rep-
resentations of his classmates in second grade, his
solution strategy in grade three provides strong evi-
dence that he had been somehow aware of their
work. Using his new-found strategy, he now achieves
all six combinations. Similar results (leading to cor-
rect solutions) are shown for all of the children, as
a detailed analysis indicates (Maher, Martino, and
Davis, 1992a).

WHAT DO THE VIDEOTAPES SHOW?

In general, taped recordings of what students
actually do reveal a very great complexity within
what was once thought of as the “simple” world of
“doing mathematics.” Although one can find a
seemingly endless collection of themes in these
tapes, we will call attention to only four:

Thought in the Absence of Teaching

On May 30, 1990, the children were asked how
many different combinations could be made from
three shirts and two pairs of jeans. No consensus was
reached about the correct answer. The teacher did
not insist upon a class consensus, she did not criti-
cize nor evaluate, and she showed neither the cor-
rect answer nor any method for solution. Nor did
she deal with other similar or related problems. She
left the students free to think about the matter if
they chose to do so.

On October 11, 1990, the same children, now
organized into different small groups, were given the
same question. There had been no teaching of this
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topic in the meantime. Yet now every student was
able to solve the problem, and each felt confident
of their answer,

We do not suggest that one should never
teach, nor do we suggest that the teachers did noth-
ing. On the contrary, the teachers gave the students
“tools to think with.” First of all, there was the prob-
lem itself. It was intelligible and could be thought
about. Second, there was the experience of working
on the problem, which brought the students face to
face with the need to keep track of their work and
to organize it in some systematic fashion in order to
make sure nothing was left out and nothing counted
twice. There was the input from the other students,
which seemed to be rejected, but in fact was not.
Especially important, there were the “premathe-
matical ideas” with which the children were already
very familiar: shirts, jeans, combinations, counting,
different vs. same, and so on. Every child was well
able to think in terms of these ideas.

Building Representations in Your Mind

One of the main activities in mathematics is
the building up of representations in our minds.
What do we do when we listen? We try to build up
in our mind a replica (as nearly as possible) of some
representation that is in the speaker’s mind. This is
a very difficult process, as nearly all of our vide-
otapes show only too clearly. In May, when the chil-
dren seemed not to listen to one another, it would
be more accurate to say that they had little success
in building up in their own minds replicas of the rep-
resentations being developed by the other students.
They did input something, but it was only five
months later that they demonstrated success in
building up major parts of these representations.
Note that most common theories of teaching pay lit-
tle heed to the time required to build repre-
sentations and often operate in ways that make
representation building difficult or even impossible
(see, for example, Davis, 1987, pp. 110-111).

There is the further question of the premathe-
matical building blocks from which representations
are constructed, and the distinction between meta-
phors based on experience (which probably have an
essential role to play, and probably must not be by-
passed) vs. subsequent abstract ideas that are con-
structed after one has used metaphoric assimilation
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paradigms for an adequate length of time. For some
of these children, a true outfit had to represent a
harmonious match of colors; only later did they
come to the idea of putting things together in every
possible way, no matter how unsightly the result.
This, after all, is a far more abstract idea (and one
that is hardly used in the everyday world).

Questions Left Open and Revisited

During the small-group discussions, we saw
time and again that a question would arise, receive
some attention, be left unresolved, and be taken up
later on (and, once again, be left unresolved). Stu-
dents seem to have a very large capacity for setting
aside unresolved questions, to return to them later,
perhaps many times. (Thus, different notational con-
ventions came up and received some thought, with
no consensus being reached. The matter would arise
again, but—once again—no consensus would be
reached. The question of “Must it match?” received
this same treatment.) This process of leaving open
is probably one more consequence of the difficulty
of fitting input data into your own mental repre-
sentations, which sometimes cannot be done instan-
taneously.

Capitulation without Agreement

One episode on the tape is perhaps especially
interesting. Jaime and Brian, after recording five of
the outfits, decided that they did not want to con-
tinue. While on the surface it may appear that they
were accepting Jeffrey’s answer of seven [“] don’t
want to write no more so the answer is seven.”’]
there are other possible interpretations. Did the stu-
dents believe the answer was seven? We hardly think
so. From their tone of voice and demeanor, it ap-
peared that they were unwilling to pursue what they
had come to consider a tedious task. They had had
enough! Their written work and conversation indi-
cated that they had begun to understand the prob-
lem and were developing a heuristic for carrying it
to completion. How is a teacher to deal with this
situation? Teachers who believe that learners must
build up ideas in their own heads may conclude that
insisting upon closure may, in the long run, be in-
effective. Others may feel obligated to encourage
students to reach closure.



Constructing Mathematical Knowledge

DEPTH OF VIDEOTAPED CONTENT

Videotaping, followed by careful analysis, al-
lows us to see subtleties in student thought processes
and to track the development of student thinking
over extended periods of time. The depth of content
that can be studied in this way is quite remarkable.
For this level of detail a price must be paid in terms
of ime and effort required for analysis. A particu-
larly impressive instance is given in Schoenfeld et al.
(in press), where a team of researchers spent one
and a half years analyzing a three-hour videotape of
a single student.

CONCLUSIONS

Mathematics teaching used to be thought of in
terms of a teacher standing in front of a class, giving
lectures, directions, or explanations to students—or
possibly supervising seat work—and methods for
studying this process are fairly well developed. In re-
cent years scholars have come to think of mathe-
matics learning quite differently. In the first place,
it 1S now seen as a matter of individual students
building up ideas in their own minds (Davis et al.,
1990), often constructing abstract ideas by assem-
bling previously learned experiential components
(Davis, 1984; Papert, 1980). Social influences are
seen as playing an important role (Vygotsky, 1978;
Johnson and Johnson, 1991). Classrooms are often
organized into small groups of students, working to-
gether for cooperative learning (NCTM, 1989). This
calls for new emphases on what needs to be stud-
ied—what really happens with all of these students
working together in small groups? How are ideas
built up in the mind of an individual student, when
this takes place at least partly in a classroom where
other people are involved?

This also calls for a new technology. We argue
that videotaping can play a major role in making
possible the kinds of observations that are needed
in this radically new situation, and in this report we
have given several examples.

189

REFERENCES

Davis. R. B. (1984). Learning Mathematics: The Cognitive Science
Approach 10 Mathematics Education, Ablex Publishing Cor-
poration. New Jersey.

Davis. R, B. (1987). Theory and practice. Journal of Mathematical
Behavior 6(1): 97-126.

Davis, R. B., und Muaher, C. A, (1990). What do we do when we
do mathematies? In Davis, R. B., Maher, C. A, and Nod-
dings, N. (Eds.), Journal for Research in Mathematics Educa-
ton Monograph No. 4. Constructivist Views on the Teaching
and Learning of Mathematics, National Council of Teachers
of Mathematcs, Virginia, pp. 65-78.

Davis, R. B., Maher, C. A, and Noddings, N. (Eds.). (1990). Jour-
nal for Research in Mathematics Education Monograph No. 4:
Constructivist Views on the Teaching and Leamning of Mathe-
matics, National Council of Teachers of Mathematics, Vir-
ginia.

Johnson, D. W, and Johnson, R. T. (1991). Learning Together
and Alone. Prentice Hall, Englewood Cliffs, New Jersey.
Maher. C. A, Martino, A. M., and Davis, R. B. (1992a). What
happens during cooperative learning? (in preparation).
Maher, C. A, Davis, R. B., and Alston, A. (1992b). Implementing
a “thinking curriculum™ in mathematics. Journal of Mathe-

matical Behavior 10(3): 000-000.

Maher. C. A, Davis, R. B, and Alston, A. (1991). Brian’s rep-
resentation and development of mathematical knowledge: A
tour year study. Journal of Mathematical Behavior 10(2): 163-
210.

Maher. C. A, and Martino, A. M. (1991). The construction of
mathematical knowledge by individual children working in
groups. In F. Furinghetti (Ed.), Proceedings of the Fifteenth
Annual Conference of the Iniernational Group for the Psychol-
ogy of Mathematics Education, aly, pp. 365-372.

Maher, C. A, and Davis, R. B. (1990). Building representations
ol children’s meanings. In Davis, R. B., Maher, C. A., and
Noddings. N. (Eds.), Journal for Research in Mathematics
Education Monograph No. 4: Constructivist Views on the
Teaching and Learning of Mathematics, National Council of
Teachers of Mathematics, Virginia, pp. 147-165.

Maher. C. A.. and Martino A. M. (1992). Teachers building on
student’s learning. The Arithmetic Teacher, National Council
of Teachers of Mathematics, Virginia.

NCTM (National Council of Teachers of Mathematics). (1989).
Curriculum and Evaluation Standards for School Mathematics,
National Council of Teachers of Mathematics, Virginia.

Papert, S. (1980). Mindstorms: Children, Computers, and Powerful
Ideas, Basic Books, New York.

Schoenfeld, A. H. (1992). On paradigms and methods: What do
you do when the ones you know don’t do what you want
them to? Journal of the Learning Sciences (in press).

Schoenleld, A. H., Smith, J. P, 111, and Arcavi, A. (1992). Learn-
ing: A microgenetic analysis of one student’s evolving under-
standing of a complex subject matter domain. In Glazer, S.
R. (Ed.), Advances in Instructional Psychology, Vol. 4, Law-
rence Erlbaum, New Jersey (in press).

Vygotsky, L. S. (1978). Mind in Society: The Development of
Higher Psychological Processes, Harvard University Press,
Cambridge, Massachusetts.



