Reform in Primary
Mathematics Education:
A Constructivist View

Constance Kamii, Barbara A. Lewis, and Sally Jones

Sometimes in danger of getting lost arnidst the
many theories of instruction in mathematics,
children must be encouraged to do their own
thinking rather than being taught shortcuts.

athematics education in the United
States is well known to be in need of
reform.! This need for improvement
is clear from the beginning of the ele-
mentary grades, as we can see in a
report of the National Assessment of
Educational Progress:

One would expecta majority of nine-
year-olds . . . to have mastered basic
mathematical operations. . ., as these
skills are usually taught in elemen-
tary school. The fact that only
twenty-one percent of the nine-year-
olds attained this level in the 1986
assessment . . . suggests that reform
in the mathematics curriculum may
be warranted from the earliest

grades.?

The research and theory of Jean
Pjaget have demonstrated that chil-
dren acquire number concepts by
constructing them from the inside, in
interaction with the environment,

Reprinted with permission of author.

rather than by internalizing them
from the environment as traditional
mathematics educators assume.® On
the basis of this theory, called con-
structivism, we have been develop-
ing a way of “teaching” arithmetic in
the primary grades.* One of the con-
clusions we have reached is that the
teaching of rules, or algorithms, to
get correct answers is harmful to |
children’s learning of arithmetic. Qur,
reasons for saying this are that (a)
these rules go counter to children’s
natural ways of thinking, (b) algo-
rithms “unteach” the little under-
standing children have of place
value, thereby depriving them of op-
portunities to develop number sense,
and (¢c) the history of computational
procedures suggests that children
would understand algorithms better
if they were allowed to go through a
constructive process similar to this
evolution.
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Curriculum reform
requires that we
study children’s

process of learning
and facilitate
their process of
construction
instead of
continuing to
teach in ways
that seem efficient
for adults.
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This article elaborates on these
points and explains why we believe
that children must be encouraged to
do their own thinking rather than be
taught shortcuts. Curriculum reform
requires that we study children's
precess of learning arnd facilitate
their process of construction instead
of continuing to teach in ways that
seem efficient for adults.

Algorithms and Children’s
Natural Ways of Thinking

Two of us work at Hall-Kent
School, a public school near Birming-
ham, Alabama, where a primary
mathematics program is being devel-
oped on the basis of Fiaget’s theory.
In this program teachers do not in-
troduce any algorithms but, instead,
encourage children to invent their
own procedures for the basic opera-
tions. The following exampies are
typical of the procedures children in-
vent and illustrate how their natural
ways of thinking are in direct oppo-
sition to that of conventional algo-
rithms (from the higher-order units
to the ones ir addition, subtracion,
and multiplication, and from the
wower-order to the higher-order units
in division}. These procedures are all
invented in mental arithmetic, and
childrer. use writing only when a
problem has so many steps that it is
impossible to remember the results
of previous steps {e.g., the division
problem below).

16
+ 17

10+ 10=20
6+7=13

20+10=30
30+3=33

10+10=20
7 4 3 = another ten
20+ 10 =30
30+3=33

++++++++++

43
15

40-10=30
3-5=2belowC
30-2x28

43 -10=30
30-5=25
25-2=28

13
_ x4

4x 10 - 40
4x3=12
40 + 12 =52

XHHKXAXX XX

22275

22422422422 ...
unitil the total comes ciose
to 275, 0r

10 x 22 = 220, and then
proceeding by addition
until the tetal comes close
10 275

The order of steps in conventional
algorithms is from right to left in ad-
dition, subtraction, and multiplica-
tion, and from left to right in
division. Algorithms thus go counter
to children’s ways of thinking in each
one of these operations and prevent
them from using their own natural
ability to think. Algorithms further
hinder children’s thinking in another
way: By requiring them to write, al-
gorithms focus children’s attention
on writing rather than on reasoning,

A Piagetian Task

Our emphasis on children’s natu-
ral ways of thinking is based on
Piaget's theory about the nature of
logico-mathematical knowledge.
The best way to explain this theory is
with examples of children’s reactions
to a task.



In this task, which was devised by
Birbel Inhelder and Jean Piaget, two
jdentical glasses and about fiity
wooden beads (or chips, beans, etc.)
are used.? The child is given one of
the glasses, and the interviewer takes
the other glass. The interviewer then
asks the child to drop a bead info his
or her glass each fime she drops one
into her glass. After about five beads
have thus been dropped into each
giass with one-io-one correspon-
dence, the adult says, “Let’s stop
now, and you watch whatIam going
to do.” The interviewer then drops
one bead into her glass and says to
the child, “Let’s get going again.”
The adult and the child drop about
five more beads into each giass with
one-to-omne correspondence, until the
aduit says, “Let’s stop.” The follow-
ing is what has happened so far:

Adult: 1+1+1+1+ 414141414741
Child: 1+1+1+1+1  #141+1+1+1

The adult now asks, “Do we have
‘he same amount, or do you have
more, or de I have more?”

Four-year-olds usually reply that
the two glasses have the same
amount. When we ask, “How doyou
know that we have the same
amount?” the children explain, “Be-
cause I can see that we have the same
{amount).” (Some four-year-olds,
however, reply that they have more,
and when we ask them how they
know that they have more, their ex-
planation consists of only one word:
“Because.”)

The aduit goes oh 0 ask, “Do you
remember how we dropped the
beads?” and four-year-olds usually
give all the empirical facts correctly,
including the fact that only the adult
put one bead into the glass at one

int. In other words, four-year-olds
remember all the empirical facts cor-
rectly and base their judgment of
equality on the empirical appearance
of the two quantities.

By age five or six (in kindergarten),
however, most children deduce logi-

cally that the teacher has cne more.
When we ask these children how
they know that the adult has one
more, they invoke exactly the same
empirical facts as the four-year-olds.

No one teaches
five- and
six-year-olds
to give correct
answers to these
questions. Yet
children all over
the world become
able to give
correct answers
by constructing
numerical
relationships
through their own
natural ability
to think.

I a child says that the adult’s glass
has one more bead, the interviewer
goes on to pose the next question: “1f
we continued to drop beads all day
(or all night) in the same way (with

one-to-one correspondence), do you
think we will have the same number
at the end, or wik yeu have mare, or
will I have more?” Five- and six-
year-olds divide themselves into two
groups at this point. The more ad-
vanced group answers in the way
that aduits would; that is, there will
always be one more in the inter-
viewer’s glass. The other group
makes empirical statements such as
“] don’t know because we haven't
done it yet” or “We don’t have
enough beads to keep going all day.”

Children’s responses in this task
illustrate their construction of num-
ber concepts from within. No one
teaches five- and six-year-olds to
give correct answers to these ques-
tions. Yet children all over the world
become able to give cortect answers
by constructing numerical refation-
ships through their own natural abi.-
ity to think. This construction from
within can best be explained by re-
viewing the distinction Piaget made
among three kinds of knowledge ac-
cording to their ultimate sources and
modes of structuring—physical
knowledge, logico-mathematical
knowledge, and social (conven-
tional} knowledge.

Physical, Logice-Mathematical,
and Social Knowledge

Physical knowledge is knowledge
of objects ir external reality. The
color and weight of a bead are exam-
ples of physical properties that are in
objects’ in external reality and that
can be known empirically by obser-
vation.

Logico-mathematical knowledge,
by con'rast, consists of relationships
created by each individual. For in-
stance, when we are presented with
a red bead and a blue one and think
that they are different, this difference
isanexample of logico-mathematical
knowledge. The beads are observ-
able, but the difference between them
is not. The difference exists neither i
the red bead nor in the blue one, and

Fall 1991 Fducational Horizons 2



When children
have not yet
constructed the

logico-mathematical

relationship of
numbers in their

heads, all they can

get from the
experience is

physical, empirical
knowledge. This is
why four-year-olds
can remember the

empirical facts of

dropping all the

beads except one

with one-to-one
corresponderce.
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if a person did not put the objects
into this relationship, the difference
would not exist for him or her. Other
examples of relationships the indi-
vidual can create between the same
beads are “similar” and “two.”
Logico-mathematical knowledge is
thus not empirical knowledge, since
its source is in each individual’s
head. (However, we could not make
refationships if there were no objects
in the external world to put into rela-
tionship.)

The ultimate sources of social
knowledge are conventions worked
out by people. Examples of social
knowledge are the fact that Christ-
mas comes on December 25 and that
a tree is called “tree.”

The distinction among the three
kinds of knowledge makes it possi-
ble to understand why most four-
year-olds in the task described earlier
say that the two glasses have the
same amount. When children have
not yet constructed the logico-math-
ematical relationship of numbers in
their heads, all they can get from the
experience is physical, empirical
knowledge. This is why four-vear-
olds can remember the empirical
facts of dropping all the beads except
one with one-to-one correspondence.
This one-to-one correspondence,
however, is only empirical, and four-
year-olds judge the quantity of beads
also empirically. This is why they say
that the two glasses have the same
amount and explain, “I can see they
have the same amount.”

By age five or six, however, most
children have constructed the logico-
mathematica: knowledge of num-
bers and can deduce from the same
empirical facts that the teacher has
one more bead. However, number
concepts take many years to con-
struct, and the child who has created
them up to ten or fifteen does not
necessarily have concepts of fifty, a
hundred, or more.

Piaget's theory about the nature of
logico-mathematical knowledge ex-
plains why we say that children have

to construct this knowledge from
within, through their own natural
ability to think. Traditional mathe-
matics educators are not aware of the
difference between logico-mathe-
matical and social knowledge and
advocate the teaching of algorithms
as if arithmetic were social knowl-
edge. As a result, they unwittingly
impose procedures that go counter to
children’s natural ways of thinking.

Algorithms, Number Sense, and
Understanding of Place Value

The conventicnal algorithms for
addition, subtraction, and multipli-
cation are efficient because they
allow us to treat every column as
ones. These procedures are efficient
for adults who already understand
place value. For young children who
are not sure of place value, kowever,
these algorithms serve to reinforce
their tendency to think about every
digit as ones. Children who are made
to use algorithms are thus deprived
of opportunities to develop number
sense. Below are three examples
from research demonstrating that
when children are encouraged to do
their own thinking, they understand
“tens and ones” better, have better
number serse, and are supertior in
mental arithmetic.

Children’s Explanation
of “Carrying”

Individual interviews were con-
ducted with eighty-five second grad-
ers to evaluate their understanding
of “carrying” and of “tens and
ones.”® Thirty-nine of these children
were in a traditional program in
which algorithms were taught, and
the other forty-six were in a construc-
tivist program that encouraged chil-
dren to invent their own procedures.

In the interview, each child was
shown a card on which the following
problem was written:

16
+37



The interviewer asked the child to
add the numbers mentally, give the
answer, and then explain how he or
she got the answer. Almost ali the
children in both groups gave the an-
swer of 33. All the traditionally in-
structed children explained that they
added the 6 and the 7 first. Almost ail
then said, in essence, "I put my 3
down here (pointing) and 1 up there,
and 1and 1and 1is3; sol put3down
here, and the answer is 33.” By con-
trast, almost all the children in the
constructivist group added the tens
first and then the ones as described
earlier.

The child was then given sixteen
and seventeen chips for the two
nurnbers and asked to explain, using
the chips, how he or she arrived at
the answer. The percentage of chil-
dren who correctly explained “carry-
ing” ten was twenty-three for the
traditionally instructed group and
eighty-three for the constructivist
group (p<.001). The great majority of
the traditionally instructed children
“carried” one chip instead of ten,
showing that they understood nei-
ther the algorithm nor “tens and
ones” in this context.

Children’s Handling of
Misaligned Digits

In the final part of the interview,
the child was given a sheet of paper
on which the problem below was
written.”

4
35
+24

The interviewer asked the child to
"read these numbers” and then to
write the answer. When the child fin-
ished, the interviewer asked him oz
her to read the answer aloud and
then inquired, “Does that sound
right?”

The percentage of children who
wrote “99” by mechanically follow-
ing the rule of adding the columns
was seventy-nine for the tradition-

ally instructed group and eleven for
the constructivist group (p<.001).

Children’s Mental Arithmetic
Different groups of second graders
were individually interviewed more
recently and asked to solve the fol-
lowing problem (written horizon-
tally) in their heads: 7 + 52 + 186. As
can be seen in Table 1, the second
graders who had not been taught any
algorithms (class 3) did much better
than those who had been taught
these rules (class 1). Forty-five per-
cent of class 3 gave the correct an-
swer of 245, compared to twelve
percent of class 1. Most children in
class 1 used a right-to-left procedure.
Those in class 3, on the other hand,
all used a left-to-right procedure and
said, for example, “180 + 50 = 230,
230+ 6=236, 236 +2=138, 238+7
= 245.” 1t is therefore not surprising
that the errors found in class 3 were
much more sensible than those in
class 1. In class 3, most of the wrong
answers were between 235 and 255.
In class 1, by contrast, many children

got small totals such as 29 and large
ones ranging from 838 to 9308!
(Those who got 29 or 30 did so by
treating a1l the digits as ones, i.e., 7 +
542+ 1+8+6=29.)More than half
of the children who had been taught
algorithms thus demonstrated a lack
of number sense.

The children in class 2 were in be-
tween, both in the instruction they
had received and in the results. The
teacher of class 2 did not teach the
algorithm for addition but taught the
one for subtraction and did not stop
parents from teaching these rules.

When children are encouraged to
do their own thinking, they develop
number sense, and it becomes unnec-
essary to teach algorithms, number
sense, mental arithmetic, and estima-
tion separately. In an age of comput-
ers and calculators, number sense,
mental arithmetic, and estimation
are particularly important because
children have to be able to sense an
error when they hit a key uninten-
tionally. The teaching of written al-
gorithms was appropriate when all

Table 1

Second Graders’ Answars to 7 + 52 + 188

Class 1 Class 2 Class 3
n=17 n=13 na 20
9308
1000

9839 g89
986
938 2938
806
§38 810
617
358
208 255
246
245 (129%) (26%) {45%)
243
213 236
2040 213 235
198 19%
133 138
125
30 114
29
29
| can'tdothis.  (12%) (21%) (20%)
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The teaching of
written algorithms
was appropriate
when all we had
was paper and
pencil. In an age
of calculators,
however, ability to
think and to
estimate answers
becomes much more
important than
ability to follow
rules of written
procedures.
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we had was paper and pencil. In an
age of calculators, however, ability to
think and to estimate answers be-
comes much more important than
ability to follow rules of written pro-
cedures.

The Constructive Process
in the History of
Computational Procedures

As an epistemologist, Piaget be-
lieved that the way to understand the
nature of knowledge is to study the
history of its construction by the
human species as well as by individ-
ual children ® Just as he found many
parallels between the evolution of
physics, astronomy, etc., and the de-
velopment of children's thinking in
these areas, we found similarities be-
tween the history of computational
techniques and the increasingly
more efficient procedures invented
by children at Hall-Kent School. As
revealed in the following statement,
today’s aigorithms were a very late
achievement in human history: “It
was not until 1600 that our modern
Hindu-Arabic decimal system of nu-
meration became generally accepted
as the standard system of computa-
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tions, replacing the use of Roman nu-
merals.”

Urtil this surprisingly late date,
most of our ancestors performed
their computations with objects such
as pebbles and counters, and with
abacuses. Following is a sketch of
how these objects were used before
they were replaced by writing.

The Use of Objects

The Roman calculation board
shown in Figure la consisted of a
frame with parallel columns. The
first column, on the right, was for
ones, the second for tens, etc., and
pebbles or counters were placed in
each column to represent, for exam-
ple, 4,365 as shown ir. this figure.

A varety of boards, tablets, and
abacuses have been invented, but the
basic principle of representing the
base-ten system remained the same
for centuries. Figure 1b shows 4,365
with a horizontal system that used
the space between the lines to repre-
sent fives. “Five ones” is thus repre-
sented with one pebble above the
line for ones. “Six tens” is shown
with one pebble on the tens line and
one above this line. This use of five
as an intermediate higher-crder unit

o}

Fig. 1. Objects used as computational tools.



makes it easy to recognize six, seven,
eight, and nine at a glance.

By puiting ten beads that could be
stid on a cord or a stick, our ancestors
made the kind of abacuses that can
still be seen today in many class-
rocms. The abacus disappeared from
Europe by 1700 but is stili being used
in Asia. The most modern abacus
being used in Japan today is shown
in Figure lc. The beads above the
horizontal divider each stands for a
five, and the ones below it each
stands for a orne. Figure 1c shows
4,365 represented by raising four
ones in the thousands columnn, rais-
ing three ones in the hundreds col-
umn, lowering a five and raising a
one in the tens column, and lowering
a five in the ones columu:.

It is important for math educators
ko note that when our ancestors were
using the abacus, they used writing
to record only the resulfs of the calcu-
lations carried out with the abacus.
Groza states:

Around 1100 the general public used
Roman numerals and an abacus,
Businessmen sat beforea line abacus
or counting table or “counter” {from
which we obtain our present word
counter as used in stores). Lines were
ruled on the table [as shown in Fig-
ure 1b] to indicate the powers of 10
and loose counters were placed on
these lines or between thern and then
moved as the calculations were per-
formed.™©

In Japan today, addition and sub-
traction are performed on the abacus
by beginning with the highest-order
unit and proceeding to the right, to-
ward the ones. Instead of “carrying”
and “borrowing,” the abacusis used
in the ways described below with re-
spect to the following examples:

4,365
+987

4,385
- 987

To add 900, 100 is subtracted first
and 1,000 is added. To add 80, 20 is
subtracted first and 100 is added. To
add 7, 3 is subtracted first and 10 is

added. To subract 900, 1,000 is sub-
tracted first and 10{ is added. To sub-
tract 80, 100 is subtracted Eirst and 20
is added. To subtract 7, 10 is sub-
tracted first and 3 is added. The
reader must have noted striking sim-
ilarities with the procedures in-
vented by second graders at
Hall-Kent School.

Compared to writing, physical ac-
tions on pebbles and beads are much
more closely related to mental ac-
tions (thinking). In fact, these physi-
cal actions are direct extensions of
mental actions. For example, push-
ing one bead up to add one is a direct
extension of this mental action
(whereas writing “+ 1”7 is not). The
use of an abacus is also closely re-
lated to mental actions in another
way: The person using an abacus has
to know whether the place value is
ones, tens, hundreds, etc. Ina written
algorithm, by contrast, once the col-
umns have been aligned, every col-
umn can be treated as ones.

While the general public thus used
counters and abacuses prior tc 160C,
a literate minority was inventing
computational procedures that used
writing. Much of this history has
been lost, but a variety of procedures
have nevertheless been preserved.
We new turn to some examples, lim-
iting ourselves to addition.

The Use of Writing

Five major procedures are de-
scribed below: Bhaskara’s method,
the Hindu seratch method, and three
others that include a method of “car-

rying .ff
1. Bhaskara’s method (c. 1150),11

Groza describes the following way
of adding 278 and 356:

Sum of the units 8+6= 14 ( 14)
Sum of the tens 7+5=12« {12)
Sumofthehundreds 2 +3=5+9¢ (5 )
Sum of the sums 634 (634}

The column to the right in paren-
theses is the version given by Smith
that does not use dots for zeros.>

Compared to
writing, physical
actions on pebbles
and beads are
much more closely
related to mental
actions (thinking}. In
fact, these physical
actions are direct
extensions of
mental actions. For
example, pushing
one bead up to add
one is a direct
extension of this
mental action
(whereas writing
“+ 17 is not).
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Pearson describes the following
similar but “left-handed” method.!?

278
+356

5
12
14

634

2. The Hindu scratch method.

This method presented by Groza
proceeds from left to right. The sum
is written at the top in steps as
Mustrated below for the 278 + 356:

6 63
5 a2 A24
278 278 28
256 356 288

When this computation was done on
a ‘dust’ board, the digits were erased
as they were used instead of being
scratched out. The successive phases
of the same procedure resulted in
progressively less writing as can be
seen below:

278 —— 578 —— 628 ——~ 634
358 £6 6

3. Aleft-to-right procedure described
by Smith.t?

278

+355

824
63

4. A column-by-column procedure
described by Pearson.1%

2 7 B
8 5 6
5 12 14
6 3 4

5. Today’s conventional algorithm of
“carrying.”

The following historical account of
“carrying” by 5Smith (1925) helps us
understand the conventional nature
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of this rule and the lateness of its
inventon:

The expression “to carry” . . . proba-
bly dates from the time when a
counter was actually carried on the
line abacus to the space or lineabove,
but it was not common in English
works until the 17th century. Thus,
we have Recorde {¢. 1542} using
“keepe in mynde,” Baker (1568) say-
ing “keepe the other in your minde,”
and Digges (1572) employing the
same phraseclogy and also saying
“keeping in memorie,” and “keeping
repose in memorie.” The later popu-
larity of the word “carry” in English
is lar%ely due to Hodder (3rd ed,,
1664).17

While writing is removed from
mental actions compared to physical
actions on counters and abacuses,
the old written procedures still al-
lowed outr ancestors to go through a
careful process of reasoning step by
step. In fact, similarities can be noted
between our ancestors’ written com-
putational procedures and those in-
vented by children at Hall-Kent
School. Second graders at Hall-Kent
School, for example, use writing to
record mostly the results of their
thinking. Our children also proceed
from left to right as stated earlier.

We can see in light of the history
sketched above that today’s algo-
rithms are the results of centuries of
construction by the human species.
The teaching of these algorithms is
an attempt to transmit to children
only the surface behaviors resulting
from this historical evolution. By-
passing the constructive process may
seem like an efficient way of teach-
ing. However, children save time in
the long run when they are allowed
to invent their own shortcuts rather
than being taught to mimick the final
results of centuries of human inven-
tions. When children are allowed to
construct their own logico-mathe-
matical knowledge, they invent in-
creasingly more efficient procedures
just as our ancestors did. By doing

their own thinking and eventually
accepting conventional algorithms of
their own accord, children come to
understand these rules and truly
make them their own.

This article began by pointing out
the need for reform in mathematics
education. Attempts at reform must
not aim at teaching adult algorithms
“better.” Instead, the time has come
to take children’s thinking seriously
and to make fundamental changes.
Instruction must enhance, rather
than undermine, children’s own con-
struction of mathematics.
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