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Time
Code

Audio

00:15 OPENING CREDITS
00:42 HOST (V. O.)

Boxcars!
00:44 HOST (V. O.)

What are the odds IÕll roll a pair of sixes again?
00:53 HOST:

6... Not this time.
00:55 HOST:

How can we make sense out of the seemingly random results of throwing a
pair of dice ...

00:59 HOST:
... or even the haphazard flow of heavy traffic in the city?

01:03 HOST:
How can we talk meaningfully about any situation that is unpredictable or has
an uncertain outcome? Well, welcome to the mathematics of probability.

01:16 JERRY:
Boxcars! My point. My roll.

00;50 ALDO:
Yeah, your right Mr. Jerry, youÕre one lucky guy.
JERRY:
No, no, no, my friend. Really luck's got nothing to do with this. These dice,
they love me.
ALDO:
Okay, sure, whatever. You're up three to one, so...
JERRY:
Ooh, yes and as we agreed the first one to win four points wins it all, which
means, odds are, I'm about to win.

1:35 ALDO:
RightÉ

01:37 JERRY:
Hard Eight. So uh, roll again.

01:40 VOICE:
Open up in there!

01:42 ALDO:
The Police!? I thought you said this game was protected...

01:45 JERRY:
Hey hey heyÉwhatÕre you doing there?
ALDO:
IÕm taking my half, I'm outta here.
JERRY:
What! No, wait a second here, I was winning, I was winning this!
ALDO:
Game's over.

01:54 VOICE:
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I said open up!
01:58 HOST:

Talk about a situation with an uncertain outcome...
02:02 HOST:

Ancient people believed that randomness and chance were the work of the
gods, and in some cultures, they cast dice to answer questions of inheritance.
In others, they actually chose their rulers in this random fashion. But despite
the fact that chance has been a part of life from the beginning of time, It
wasn't until the 1600's that the idea of chance was seriously considered in
mathematical circles.
There it becomes the subject of probability.

02:33 HOST:
The study of probability was born on the gaming tables and in particular, with
games of dice. Dice go back thousands of years
Now, these early dice were made from the bones of animals, often the
"knucklebones" of sheep from which we get that phrase "roll 'dem bones."
The knucklebones approximate a mathematical shape that is called a
"tetrahedron" Ð a four-sided solid object, so that these early dice were often
four-sided as opposed to the six-sided cubes that we usually see today.

03:01 HOST:
Of course, animal bones are not perfectly regular objects like the perfect
tetrahedron or the perfect cube, so you might have thought that the
Egyptians, who were fairly sophisticated both scientifically and
mathematically, would begin to notice that generally, some sides came up
more than others and that you might be able quantify this, and also win a few
more bets.

03:22 HOST:
But instead, it was centuries later, in the consideration of the games involving
"fair dice" Ð that is dice where it is equally likely that each side will come up,
where probability first appeared. Now, one of the first recorded mathematical
ideas about probability was Girolamo Cardano.

03:36 HOST (V. O.)
Cardano was a 16th century Italian doctor,  an eccentric,  and a
genius mathematician,  famous for his skills in solving algebraic
equations.  Cardano was also a compulsive gambler.  The
combination of a keen mathematical mind and a taste for the
gaming tables made probability a natural interest and his book Liber
de Ludo,  contains many of the basic ideas of probability.

04:05 HOST (V. O.)
Almost a century later,  Blaise Pascal and Pierre de Fermat expanded
on CardanoÕs thinking,  and they came up with a method to actually
calculate probabilities.  Fermat is probably best known for the
famous FermatÕs Last Theorem,  a simple to state problem about a
generalization of the Pythagorean Theorem,  that took the world of
mathematics three hundred and fifty years to solve.  His Day job was
as a lawyer,  but his passion was mathematics and physics.  Pascal
was the son of a tax collector,  and to help his father,  he invented the
first digital calculator.  His deep interests were in both philosophy
and mathematics.  Together,  Fermat and Pascal were widely
regarded as two of the most powerful mathematical intellects of
their time.
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was the son of a tax collector,  and to help his father,  he invented the
first digital calculator.  His deep interests were in both philosophy
and mathematics.  Together,  Fermat and Pascal were widely
regarded as two of the most powerful mathematical intellects of
their time.

04:47 HOST (V. O.)
Although they never met,  in 1654 they exchanged a series of letters
that most academics today agree was the foundation for the modern
theory of probability.

04:58 HOST:
Their correspondence started after a friend, the gambler Chevalier de Mere,
called upon Pascal to get help with a nagging problem De Mere asked:  ÒHow
would two gamblers fairly split the pot if their game was interrupted before
being played to the finish?Ó This became the famous problem of points. Until
Fermat and Pascal took it on, the various solutions that had been proposed
had been pretty unsatisfactory. In their correspondence, Fermat and Pascal
addressed the problem by considering all the possible future plays of the
game. By assuming them all to be equally likely we can compute how much
each person deserves when the game is interrupted... Like for Jerry and
Aldo...

05:38 VOICE:
I said, OPEN UP!
JERRY:
Go ahead, let him inÉ Ray! Awful nice of you to stop by.
RAY:
Hello, Jerry. How come you didn't answer the door?

05:51 JERRY:
Aah....
RAY:
I heard you had a game going. I wasn't invited?

05:58 JERRY:
WellÉum...we were ... hey, you know, that Aldo guy? Well, I was on a
rollÉand, uhÉhe took half the pot, and he left!

06:10 RAY:
Really?
JERRY:
Yeah!
RAY:
Well, he can't have gotten far.

06:20 RAY:
SoÉuh, what happened, exactly?
JERRY:
Well, it was me and Aldo, a private game, We each laid down five hundred
dollars and the first one to four points wins it all. OK, so a seven gets you a
point. Snakeyes, boxcars minus a pointÉ I was up, three to one.

06:40 RAY:
And?
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JERRY:
And, I had just rolled a hard 8, and was just about to roll the come-out. He
thought you were the cops - he grabbed half the pot and he was gone.

06:51 RAY:
Seems to me Ð other than not inviting me into your little game --that what
you have here is a simple problem of points.
JERRY:
That's what I'm saying!
RAY:
Not the points you have, the points you could have. You only needed one
point to win. Aldo needed three. Now, if we examine all the possibilities, had
the game been played outÉ. Uh, pardon me sir, now, follow along...

07:18 RAY:
...Three being the minimum number of games that would give an equal
chance for both of you guys to potentially win the whole pot, assuming you
each have a fifty-fifty chance of winning or losing each roll...
JERRY:
I got it. Each of these branches is one way the rounds could go. If I win the
first, it's over. Aldo has to win the first and the second and the third rounds

07:48 RAY:
And that means you have seven ways to win, Aldo only has one. Which
means, to be fair and just, you're due 7/8 of the pot, and AldoÕs due 1/8.

07:49 JERRY:
I knew it! The cheater!

08:07 ALDO:
Hey, Mr. Ray. Nice evening.
RAY:
Aldo you came back to see me!
You, my friend have a problem of points...
ALDO:
A problem of points?

07:45 HOST:
Wonder what the odds are AldoÕs going to come out of this with any money at
all? LetÕs go ask Raissa DÕSousa, professor at the University of California at
Davis. AhÉnot yet.

08:22 Dan Rockmore:
Hi Raissa.  Thanks for coming.  I hope we can clear up the confusion that we
saw with Aldo and Jerry.  I have a feeling JerryÕs getting the short end of the
stick in this deal, is that right?

08:33 Raissa DÕSousa
Definitely.  And to understand how to clear up the confusion, weÕre going to
go -- have to go back in time, back to the Seventeenth Century.

08:41 Rockmore
So Fermat and Pascal were trading these letters back and forth effectively
trying to understand how to fairly divide the pot in a game of chance that had
been interrupted. So Aldo and Jerry are in the same situation, I guess.  So,
now we know that Jerry has three points, Aldo has one and thereÕs a fifty/fifty
chance that every roll now that either one of them will win.  Is  -- is that
right?



Mathematics Illuminated
Produced by Oregon Public Broadcasting for Annenberg Media © 2008

6

chance that every roll now that either one of them will win.  Is  -- is that
right?

09:01 Rockmore
Exactly.  So now we have to go forward and iterate all possible outcomes. So
what weÕre going to use is going back to the pizza box and look at the tree
graph, which lets us calculate all the possible outcomes of the game.

09:15 Rockmore
So the entire future is on RayÕs pizza box over there, is that right?

09:15 DÕSOUSA
Exactly.  So Jerry wins in seven possible futures and Aldo only wins in one
possible future.  So to split the pot fairly Ð

09:27 Rockmore
Right.  Seven-eighths for Jerry seems right, and one-eighth for Aldo.

DÕSOUSA
Exactly

09:32 ALDO
A problem with points?
RAY
That's what I said

09:36 JERRY
You cheated. I knew it! Ray proved it!
ALDO
But Mr. Ray! I just wanted to get away. The police were ...

09:42 RAY
(to Aldo)
That was us, dummy
ALDO
My apologies. I was just trying to be fair, split the money in half --
JERRY
Fair, ha! You owe me seven-eights of the pot, I was winning, see!

09:53 ALDO
What's this?
RAY
This is a tree chart.
ALDO
Okay ... ?

09:59 RAY
ItÕs based on the work of the great mathematicians Pascal and
FermatÉyouÕve heard of them, right? They worked in the field of probability.
Now had you continued to play, you would have only had one chance in eight
of winning the whole pot.

10:10 ALDO
Only one out of 8?! But that's not fair!
RAY
Hey hey heyÉYou got a problem with my math?
ALDO
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Absolutely not.
RAY
Good.

10:18 RAY
Because we're gonna continue to play until we get a nice normal distribution.
Ante up, come on boysÉ
Now listen, the traffic's so bad, I might as well play a little bit myself. ThatÕs a
lot of lettuce

10:35 Rockmore:
Well, so there is probability in action. Of course, the casinos are interested in
what happens when many, many people play these games Ð maybe the slots,
maybe something elseÐ over and over and over again.  And they, of course,
want to know that in the long term theyÕre going to win money and weÕre
going to lose money, actually.

10:54 DÕSousa
Exactly. So when we looked at the game between Jerry and Aldo, that was
one single game.  And that was the work of Fermat and Pascal. But weÕre
interested in what happens when games are played over and over.

11:06 Rockmore:
And the first person to think about this was Jacob Bernoulli, And he was the
first one to really think about this sort of in long-term behavior.  Is that right?

11:13 DÕSousa
ThatÕs correct. and thatÕs sort of related to something called the Law of Large
Numbers.  And if we have an event that we repeat over and over, a random
event, and we do it independently many, many times, we find that itÕs going
to eventually converge to a finite number thatÕs between zero and one, and
we call that the probability of observing the event.

11:36 DÕSousa
So the Law of Large Numbers basically tells us that if we do a random event,
a random outcome, over and over, it will eventually converge to a well-
defined probability.

11:46 Rockmore:
So, we could take a very simple example, right. We could just do coin tossing.
OK, so toss a coin and if I get heads, I get a dollar.  If I get tails, you get a
dollar.  So if we did this a million times Ð a million is a pretty big number Ð we
would expect that after a million times IÕd get about -- half of them IÕd win,
half of them youÕd win, so that we should be even.

12:06 DÕSousa
Exactly.
Rockmore  Is that right?

12:07 DÕSousa
And if you think about it, the first time we play the game, there will only be
one winner and one loser, so there will only be one outcome.  So we canÕt
use our probability equation, because the probability is one that itÕs heads or
tails.  But we donÕt converge to the fifty/fifty until many, many coin flips.

12:23 Rockmore:
So if you look at the game and you look at all the possible outcomes, and you
look at the probability of each possible outcome as -- with its associated
payoff, and you take that simple sum of the outcome times the fraction of
times that you achieve that outcome, then you get this quantity called the
mean.
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look at the probability of each possible outcome as -- with its associated
payoff, and you take that simple sum of the outcome times the fraction of
times that you achieve that outcome, then you get this quantity called the
mean.

12:42 And the amazing fact that Bernoulli proved is that if you actually play the
game a large number of times, you know, in the limited infinite number of
times, that that -- and then you compute your average payout for a very
large number over thatÉ

13:03 DÕSousa
So what you were saying is that if we look at the tree graph and we multiply
the probability of an outcome times its payoff Ð

13:05 Rockmore:
Right

13:06 DÕSousa
And we look at all outcomes, weÕll compute the mean payoff expected.  And
what Bernoulli showed is that we can -- that we have the theoretical mean
from the tree graph and what Bernoulli showed is that if we look at a
collection of games, so IÕm actually going to play out a series of games and
IÕm going to calculate the average payoff over that collection of games that
IÕve just played.

13:29 Rockmore:
Right.  So just look at how much money did I win after a thousand games
and divide that by a thousand.

13:34 DÕSousa
And what he showed was that as the number of games becomes infinite, that
average that IÕve calculated over that collections of games that IÕve just
played, since itÕs my real payout, actually converges to the theoretical mean
that I calculated from the tree graph.

13:49 Rockmore:
Right.  ItÕs -- ItÕs closer and closer and closer to the ideal number.

13:51 DÕSousa
So thatÕs the Law of Large Numbers.
Rockmore  Right.

13:55 Rockmore:
So probability theory was born on the gaming tables hundreds of years ago.
But, in fact, itÕs still important on the gaming tables today.  And now weÕre
going to go visit with Anthony Baerlocher of International Gaming
Technologies to see how probability makes its way in the real world of todayÕs
casinos.

14:16 The fun part of my job is that I actually get to use the math that I truly enjoy
doing and I also get to be creative.

14:26 IÕm Anthony Baerlocher. I work for International Game Technology. I do
product creation and design games and more importantly, the mathematics
behind the games that make them fun for the players and profitable for the
casinos.

14:43 ThereÕs a long history of the slot machine. It started in the early 1900Õs in San
Francisco with mechanical reeled machines that were designed using levers
and gears and springs
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and gears and springs
14:59 Those machines lasted for many decades until electricity and some

technology started being introduced into the games in the 1960Õs. That
technology progressed into more full electronic machines, which in the big
revolution was the introduction of the game processor Éthat would allow for
complete control of the game instead of through mechanical means by a
computer program With that the games changed dramatically because we
could now vary the odds whereas on an old mechanical reel the number of
symbols to create these different combinations was fixedÉ now, we can use
what we call Òvirtual mappingÓ and have a random number generator create
different odds of symbols coming up which allowed us to take the number of
combinations up into the millions and offer a wider variety of ÔpaysÕ

15:52 We use Burnoulli Theory in a few different ways. A lot of it is in determining,
creating our formulas to do the calculations of the game. Its very helpful
especially a series of events coming together. We look at it and weÕll
determine what we expect the return to be for a series of games. It would be
very difficult to go through in a rote manner and figure out every possible
combination. We can use some of the equations available to us to simplify
that and determine what an expected pay out would be over a given set of
rules over a time frame

16:35 The slot machines are based off a normal distribution of outcomes which is
associated with the random probabilities created. Although anything can
happen on any given game, we can expect over a long run that the payout
percentage will progress towards its expected return, or its mean.

16:57 This is a wheel of fortune game, which is one of our most popular games and
has been for over ten yearsÑsince the first versions of it were created.

17:04 We have a couple different dynamics that we play with and that really makes
it more of an art than just a pure science of calculations. On the base game,
again each symbol has a probability that we define that the game processor
controls. It picks random numbers through our random sequence once I spin
the reels and weÕll determine which one of those symbols it wants to come up
based on the probability we assign it. So, in this case, I was very close to
getting 7-7-7, which would be a good combination, and would have paid 120
coins. But unfortunately, the symbol next to the 7 was selected on the 1st and
2nd reel and I only got the 7 on the 3rd reel. On any given game, I have no
idea whatÕs going to come up, its completely randomly determined each time.
But, over the long run, we know on average, how often blank-blank- 7 will
come up based of the probability of blank on reel 1, blank on reel 2, and 7 on
reel 3.

18:09 So, the longer the player plays or the more they play on average, they
probably will end up losing more.

18:18 ÒWeÕre always looking for new and creative concepts and ways to create
gambling events so that the player has the chance to win some real good
money, have fun and be entertained.

18:31 DÕSousa
Dan, you found a Galton Box.

18:33 Rockmore:
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I did find a Galton Box.  And, the fact is, is that this is going to give us a very
interesting physical model of what happens in a very simplified casino.
Because what weÕve been studying up to this point is just one measure of
uncertainty, one measure of long term behavior that is the mean, or the
expected value.  Something that we got out of the Law of Large Numbers.

18:54 But a casino, as you know, is much more interested in not just one number,
but the variety of possibilities.  They want to know that thereÕs not too much
fluctuation around that average behavior, because they donÕt want to go
broke in finite time, for example.

19:07 DÕSousa
Exactly.  So we might think about a simplified casino. You flip a coin and itÕs
either heads or tails, with fifty/fifty probability

19:15 Rockmore:
Right.  So this is a --  so this is our casino in the sense that when it hits the
peg if it moves to the right we can think of that as being a head, letsÕ say,
and the casino wins on a head. And if it moves to the left, then I win Ð thatÕs
a tail.  And so what weÕre seeing at the bottom is really a summary of the
number of moves to the right and to the left.  That tells you how many of
those bets the casino won and how many of those bets I won

19:37 Rockmore:
And so weÕve got our Galton Board here.  And this is each drop of a ball here
--  why donÕt you drop one there.

19:44 DÕSousa
Sure.

19:47 Rockmore:
Okay, so itÉ

19:48 DÕSousa
So it ends in the center.  And if I start to -- dropping several of them, I still
havenÕt seen anything go too far from the center.

19:56 DÕSousa
And if you wanted to ever observe something hit the right-most column, it
would be the equivalent of hitting heads every time it hit a peg.  So weÕd
have to get about thirty sequences of only heads, in this case, to make it go
all the way to the right, or only tails to make it go all the way to the left. So
this is basically a physical illustration of how likely it is to get thirty heads in a
row or thirty tails in a row.

20:20 Rockmore:  Uh huh.  Right.  Right.  And so now we could play this game, and
Bernoulli probably played this game with a -- you know, a casino where we
do many, many, many, many coin tosses, and so the number of pegs, the
levels -- the number of levels of pegs goes to infinity.  And ultimately what
you get out of there is a very specific shape.

20:40 DÕSousa
And what it is, is a Bell Curve, also known as a Gaussian Distribution.

20:45 Rockmore  So the point is that these many, many, many decisions, again, in
the limit all give us a distribution of possible outcomes that look like the bell.

20:54 DÕSousa
Exactly.  So we started out with total randomness and now when we step
back we have a probability distribution that describesÉ
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back we have a probability distribution that describesÉ
21:01 Rockmore:  Right, which is a very simple description.
21:03 DÕSousa

É So we started with total disorder and now we have a well defined shape
that characterizes what the randomness will converge too.  So we started
with randomness and now we have a beautiful finite description of it.

21:17 DÕSousa
So thatÕs an example of the central limit theorem, that we started out with
random events and after a collection of many such random events we find
that it converges to a well defined Gaussian probability distribution.

21:32 Rockmore:
Right.  So this beautiful bell curve shape.  And theyÕre also --  and there are
various bell curves, and each one of them will characterize what are so called
repeated identical and independent events.

21:42 DÕSousa
And itÕs not just for that simple example where we looked at heads and tails,
fifty/fifty, itÕs for many other kinds of probability distributions, that they
eventually converge to this bell curve.

21:55 Rockmore:
As much as we think the casinos and games of chance are places where
probability is really important, that itÕs things like traffic where the frontiers of
probability research lie these days
RAISSA
Exactly.  It brings us to some modern approaches.  And, thereÕs a really
simple model of traffic in vented by three physicists Ð Biham, Middleton,
Levine Ð called the BML Model.  And itÕs a really simple probabilistic model
that shows beautiful self-organization and phase transitions, and is really
connected to car traffic.

22:27 DÕSousa
So think about having an infinite grid, and weÕre going to have a simple
model.  ThereÕs only two kinds of cars; you either want to go to the east and
youÕre red, or you want to go to the north and youÕre blue.
And weÕre going to let them alternate time steps, so on even seconds all the
red cars will try and move east, and they succeed as long as the site they
want to occupy is empty.  And on odd time steps, all the blue cars will try and
advance in the same manner.

22:53 DÕSousa
So itÕs almost like a model of gridlock, where you have a traffic light at each
site and the red cars go and then the blue, and the red and the blue.  And
whatÕs really amazing is if we start with low density of cars, weÕre just going
to populate the grid at randomÉ

23:08 Rockmore:
So just at -- at every site where a car could be, we either put a car or we
donÕt.
DÕSousa
So weÕll flip a coin with some probably p.  And if p is really low, we find that
all the cars mange to get out of each otherÕs way.  And they all move with
unit velocity, so they move --  every time they try to advance they succeed.
So they self-organize onto these stripes that donÕt interact with each other
anymore.
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unit velocity, so they move --  every time they try to advance they succeed.
So they self-organize onto these stripes that donÕt interact with each other
anymore.

23:33 Rockmore:
Okay.  So if the probability of putting a car everyplace is small, then we
actually get these interesting patterns in movement, is that right?
DÕSousa:  Exactly.  And you can see everybody getting to their destination
with no congestion whatsoever.

23:46 Rockmore:
Uh huh.  And thatÕs something that we can prove mathematically? Or is it just
something that we observe when we see these pictures?
DÕSousa:  No.  We canÕt prove anything about this model.  ItÕs really a puzzle.
And whatÕs interesting is that if we start at very high densities, we donÕt get
that kind of behavior at all.  We find that everybody gets clumped into one
big traffic jam and no one can ever move again.

24:05 Rockmore:
So this is --  So this is a phenomenon begging for a new kind of mathematics,
is that right?
DÕSousa
It is.  And its an example of a phase transition where we had free flow for low
density and jam for high density.  And itÕs really a function of what probability
we threw the cars down with at random.

24:24 Éat low density free flow, at high density jam, so thatÕs the phase Ð free flow
or jam.  But thereÕs a whole intermediate regime where weÕre finding
tremendously interesting organized structures that organize from the cars
themselves.

24:38 Rockmore:
Like moving jams somehow. Is that right?
DÕSousa
Exactly.  Jams.  Interfaces of jams that move throughout the space.  So
whatÕs interesting is that we can actually achieve flow of traffic in a regime
where people   previously though everything jammed.
Rockmore:
Oh, I see, because you get these clumps, but theyÕre still moving.  It doesnÕt
matterÉyouÕre still getting movement but your not getting gridlock.

24:59 DÕSousa
So itÕs really --  One of the challenges to probability theory is trying to
understand how random initial conditions, and you saw how everything else
was deterministic, so the only randomness hereÉ.

Rockmore:
So deterministic in the sense of once you --  once you know where you start,
then --  then sort of what happens to you is fixed.  You know, if thereÕs a
spaceÉ I move, if there isnÕt a space, I donÕt move.

DÕSousa
Exactly.  So the dynamics is totally deterministic and the only randomness
came into how I flipped a coin to populate the lattice.  And those kinds of
problems are really major challenges to us right now in probability theory.
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problems are really major challenges to us right now in probability theory.
25:32 Rockmore:

Well, Raissa, thanks for taking us from the past of probability to the future of
probability.  And now why donÕt we see how things play out for Ray and the
gang.

25:41 RAY:
Seven!!!
HENCHMAN
Traffic's clear, boss.

25:45 RAY:
Well, gentlemen. I think I'll call it a night, Good game, huh?

25:51 JERRY:
Yeah Ray, pleasure having you by.
ALDO:
YouÕre a really lucky player mister Ray.
RAY:
Well, I know the odds.

25:58 HOST:
It's an odd thing, thinking about how to quantify uncertainty. None of us likes
to think we're reducible to a single number, or a single ball in a machine.

26:08 HOST:
But probability says, in fact, our actions aren't predictable, not on the
individual level. But it also says we can make a mathematical model of
uncertain behavior, attach formulas to it that can be processed on a
computer, put numbers in, and come out with an understanding of a real
world event that we usually think of as random.

26:28 HOST:
Today probability is a living, breathing, evolving field... not just a tool for
game players. From mathematicians to stock analysts to scientists in all sorts
of disciplines they all work with probability helping us make sense of the
uncertainties in life.
Boxcars! Finally!

26:50 CREDITS


